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Turbulence cascade in the atmosphere 
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𝐻: BL depth   ̴1 km 

𝜂: Kolmogorov microscale   ̴1 mm 

𝜆: Taylor microscale   ̴10-100 cm 

𝐿: integral scale   ̴100 m 
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Field campaign EUREC4A 2020 
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Elucidating the role of clouds–circulation coupling in climate 
 

Jan-Feb 2020 in western Atlantic 

Stevens et al. 2021, Bony et al. 2022 

French research aircraft SAFIRE ATR-42 (19 flights  x  4 h) 



Trade winds 
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Valerya Milovanova / Windy.app 



Shallow trade-wind convection 
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 𝜽 

evaporation 

condensation 

heat fluxes 

wind 

694 m  
708 m 

555 m 

Albright et al. 2022 

166 W/m2 

6 W/m2 

20 mm/s 

8.5 m/s @10m 

15.3 g/kg 25.1 °C 

26.9 °C 

5.3 %  

22.6 g/kg 



Research flights during EUREC4A 

cloud-base (max CF) 

top-subcloud-layer 

mid-subcloud-layer 

near-surface 

ATR flights in EUREC4A 
Bony et al. 2022 
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Flight segments 

Bony et al. 2022, Brilouet et al. 2021 
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Level # Length [km] Altitude [m] 

cloud-base 114 54 (5) 807 (83) 

top-subcloud 18 62 (10) 595 (47) 

mid-subcloud 16 54 (7) 292 (27) 

near-surface 9 40 (6) 64 (2) 

Average values with std among 
segments given in parentheses. 



Selected instrumentation 

8 Adapted from Bony et al. 2022 

100 m/s

25 Hz
= 4 m 

50 km ⋅ 25 Hz

100 m/s
= 12 500 samples 



Scale-by-scale budget derivation (1) 
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Incompressible Boussinesq approximation 

𝜕𝑡𝒖 + 𝒖 ⋅ 𝛻𝒖 = 𝛻𝜋 + 𝜈𝛻
2𝒖 + 𝒌𝐵  

𝜕𝑡𝐵 + 𝒖 ⋅ 𝛻𝐵 = 𝜈𝛻
2𝐵  

𝛻 ⋅ 𝒖 = 0  

𝜋 =
𝑝

𝜌
 , 𝜌: reference density, 𝒖 = (𝑢, 𝑣, 𝑤) 

𝐵 = 𝑔
𝜃𝑣−𝜃𝑣 

𝜃𝑣 
    buoyancy 

𝜃𝑣 = 𝜃(1 + 0.61𝑞𝑣)  virtual potential temperature 

𝜃 = 𝑇
𝑝0

𝑝

𝑅𝑑/𝑐𝑝
   potential temperature 

𝑇: temperature, 𝑞𝑣: water vapor mass fraction, 𝑝: pressure, 𝑝0 = 1000 hPa 

 

𝐵 = 𝑔
𝜃 − 𝜃 

𝜃𝑣 
+ 0.61𝑔

𝜃𝑞𝑣 − 𝜃𝑞𝑣 

𝜃𝑣 
 

𝐵𝑞  𝐵𝜃 



Scale-by-scale budget derivation (2) 
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𝜻 = 𝒙 

𝜻+ = 𝒙 + 𝒓 

𝒓 𝑿 =
1

2
𝜻 + 𝜻+   

𝛿𝒖 𝑿, 𝒓 = 𝒖 𝜻+ − 𝒖 𝜻   

𝛿𝐵 𝑿, 𝒓 = 𝐵 𝜻+ − 𝐵 𝜻   

𝛿𝜋 𝑿, 𝒓 = 𝜋 𝜻+ − 𝜋 𝜻   

𝜕 𝛿𝒖 2

𝜕𝑡
+ 𝛻𝑿 ⋅ 𝒖𝑿 𝛿𝒖

2 + 𝛻𝒓 ⋅ 𝛿𝒖 𝛿𝒖
2 = −2𝛻𝑿 ⋅ 𝛿𝒖𝛿𝜋 +

𝜈

2
𝛻𝑿
2 𝛿𝒖 2 + 2𝜈𝛻𝐫

2 𝛿𝒖 2 − 2𝜖+ − 2𝜖 + 2𝛿𝐵𝛿𝑤  

horizontal homogeneity + stationarity  

𝜕

𝜕𝑧
𝑤𝑿 𝛿𝒖

2 + 𝛻𝑟 ⋅ 𝛿𝒖 𝛿𝒖
2 = −2

𝜕

𝜕𝑧
𝛿𝑤𝛿𝜋 + 2𝜈𝛻𝐫

2 𝛿𝒖 2 − 4𝜖 + 2𝛿𝐵𝛿𝑤 

Valente and Vassilicos 2015 



Scale-by-scale budget derivation (3) 
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2𝛿𝐵𝛿𝑤 − 𝛻𝑟 ⋅ 𝛿𝒖 𝛿𝒖
2 −

𝜕

𝜕𝑧
𝑤𝑿 𝛿𝒖

2 − 2
𝜕

𝜕𝑧
𝛿𝑤𝛿𝜋 = 4𝜖  

𝑊 −
𝑆3
𝑟
− 𝑇 = 4𝜖  

𝑆3 𝑟 =
3

4𝜋
 𝑑Ω𝑟𝒓 ⋅ 𝛿𝒖 𝛿𝒖

2 𝑊 𝑟 =
6

4𝜋𝑟3
 𝑑3𝜌𝛿𝐵𝛿𝑤
|𝝆|≤𝑟

 

𝑇 𝑟 =
3

4𝜋𝑟3
𝜕

𝜕𝑧
 𝑑3𝜌 𝑤𝑿 𝛿𝒖

2 + 2𝛿𝑤𝛿𝜋
|𝝆|≤𝑟

 

local averaging over r-sphere 

Valente and Vassilicos 2015 



Scale-by-scale budget equation 

12 

𝑆3 𝑟 =
3

4𝜋
 𝑑Ω𝑟𝒓 ⋅ 𝛿𝒖 𝛿𝒖

2 

𝑇 𝑟 =
3

4𝜋𝑟3
𝜕
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𝑊 −
𝑆3
𝑟
− 𝑇 = 4𝜖  



Approximation with measured quantities 
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𝑆3 𝑟 ≈ 3𝛿𝑢 𝛿𝒖
2 

𝑊 𝑟 ≈
6

𝑟3
 𝑑𝜌𝜌2𝛿𝐵𝛿𝑤
𝑟

0

= 𝑊𝜃 +𝑊𝑞  

𝑇 𝑟 ≈
3

𝑟3
𝜕

𝜕𝑧
 𝑑𝜌𝜌2 𝑤𝑿 𝛿𝒖

2 + 2𝛿𝑤𝛿𝜋
𝑟

0

= 𝑇𝑢 + 𝑇𝑝 

𝑆2 𝑟 = 𝐶 𝜖 𝑟
2
3 
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𝑆3
𝑟
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Buoyancy forcing 
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Filled symbols – positive values 

Open symbols – negative values 

Dashed lines – uncertainty range 𝐿𝑊𝐶 > 0.01
g

m3
        (1 Hz) 

𝑅𝐻 > 98 %               (25 Hz) 

𝑊 



Nonlinear interscale transfer 
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Filled symbols – positive values 

Open symbols – negative values 

Dashed lines – uncertainty range 

𝑆3/𝑟 



Interspace transport 
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Filled symbols – positive values 

Open symbols – negative values 

Dashed lines – uncertainty range 

𝑇 



Budget terms 
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Filled symbols – positive values 

Open symbols – negative values 

Dashed lines – uncertainty range 

𝑊 − 𝑆3/𝑟 − 𝑇 = 4𝜖  



Total budget 
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𝑊 − 𝑆3/𝑟 − 𝑇 = 4𝜖  



Idealized budgets 
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Equilibrium cascade 
(near-surface and mid-subcloud) 

Non-equilibrium cascade 
(top-subcloud and cloud-base) 



Conclusions 
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• Airborne in-situ measurements in shallow trade-wind regime of atmospheric boundary layer over 
ocean are used to investigate the scale-by-scale budget of turbulence kinetic energy. 

• The budget involving buoyancy forcing, nonlinear interscale transfer, interspace transport and 
dissipation is approximately closed up to ~200 m. 

• At the near-surface and mid-subcloud levels, Kolmogorov equilibrium is observed over a range of 
scales from a few to above 100 m. 

• At the top-subcloud and cloud-base levels, the budget is far from Kolmogorov equilibrium at scales 
above 10 m, with significant contribution of buoyancy forcing and turbulent transport. Buoyancy 
produces turbulence at intermediate scales while at large scales the stable stratification consumes 
part of the energy which is supposedly supplied by the transport from below. 

• The contribution to the buoyancy forcing related to humidity variations is substantial and strictly 
positive at all levels. Almost always, it dominates over the contribution related to temperature only. 
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Energy cascades in the convective atmospheric boundary layer - summary 

Jakub. L. Nowak1, Marta 
Wacławczyk1, John C. Vassilicos2, 
Stanisław Król1, Szymon P. 
Malinowski1 
 

 

1Institute of Geophysics, Faculty of Physics, 
University of Warsaw, Poland 

 2Univ. Lille, CNRS, ONERA, Arts et Metiers 
Institute of Technology, Centrale Lille, UMR 9014 
–LMFL – Laboratoire de Mécanique des Fluides 
de Lille – Kampé de Fériet, Lille, France 

 

 

LTP 2023 collaboration 



2nd order structure functions 
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𝑆2/𝐶𝑟
2/3 



Dissipation rate 
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Open symbols - clouds excluded 

𝜖  



Budget terms in linear scale 
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Total budget in linear scale 
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