
EMPM vs DNS results 
of Kumar, Schumacher, 
and Shaw (2014)

For same number of 
droplets (~ 9 million) and 
duration (30 minutes) as the 
DNS, the EMPM requires 
only 5 cpu hours.
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shown: 
16 cells ~ 1.6 cm

Each cell is ~ 1 mm3

The EMPM domain 
consists of cubic cells



128 cells ~ 10 cm 
(10 droplets)



1024 cells ~ 1 m 
(100 droplets)



Turbulent motion of fluid elements is modeled as a 
sequence of triplet maps that preserve desired 

advection properties, even in 1D

The triplet map 
captures
compressive strain 
and 
rotational folding 
effects, and causes 
no property 
discontinuities.

c(y)

Alan Kerstein



Turbulent motion of fluid elements is modeled as a 
sequence of triplet maps that preserve desired 

advection properties, even in 1D

The triplet map 
is implemented 
numerically as 
a permutation 
of fluid cells.

Alan Kerstein



Triplet Map for Fluid Elements

Each triplet map has a location, size, and time.

• Location is randomly chosen.

• Size   is randomly chosen from a distribution 
that matches inertial range scalings.

• Smallest map (eddy) is Kolmogorov scale, 

• Largest eddy is L, usually domain size.

• Eddies occur at a rate determined by the 
large eddy time scale and eddy size range.

η.

l



• Bulk microphysics:

– Liquid water static energy

– Total water mixing ratio

• Droplet microphysics:

– Temperature

– Water vapor mixing ratio

EMPM Fluid Variables



EMPM Droplet Variables

• Location (in one coordinate)

• Radius (droplet growth equation)

• CCN properties (specified)

In the EMPM, droplets move relative to 
the fluid at their terminal velocities.



the gravitational acceleration g. The constant K in Eq.
(11) is a function of temperature and pressure and in-
corporates the self-limiting effects of latent heat ex-
change (e.g., Rogers and Yau 1989). This diffusional
growth is controlled by the supersaturation, given by
S(X, t) 5 qy(X, t)/qy,s(T) 2 1. The saturation vapor
mixing ratio qy,s(T) has to be determined from the
temperature via the Clausius–Clapeyron equation. For
a more detailed derivation of Eq. (11) and its im-
plementation in the simulation, we refer the reader to
Kumar et al. (2013). To close the set of equations, we
determine the condensation rate field Cd(x, t) following
Vaillancourt et al. (2001, 2002) by

Cd(x, t)5
4prlK
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Here, ma is the mass of air per grid cell, and the sum
collects the droplets inside each of the grid cells of size a3

that surround the (grid) point x. The transmission of the
Eulerian field values at grid positions to the enclosed
droplet position is done by trilinear interpolation. The
inverse procedure is required for the calculation of
the condensation rate, which is evaluated at first at the
droplet position and then redistributed to the nearest
eight grid vertices.
Figures 1a–c show the initial profiles of the fields qy,T,

and B and indicate the slablike filament of supersatu-
rated vapor in which the monodisperse droplets are
seeded homogeneously at the beginning of all runs.
Further parameters of the six different simulation runs
are summarized in Table 2. We have chosen the initial
profiles similar to our previous mixing studies (Kumar
et al. 2013). The initial vapor content profile is given by
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y 2 qye) exp

"
2l

!
x2

Lx

2

"8
#
1 qye .

(13)

FIG. 1. Initial slablike configuration of the mixing simulations. (a) The water vapor profile qy(x) and qys(x) that
result from the (b) initial temperature profile T(x) (K). The saturation vapor mixing ratio follows from qys 5 es/
(Ryr0T) and es(T) 5 c1 exp(2c2/T) (Rogers and Yau 1989). In both panels we indicate the supersaturated cloud
filament that extends over Lx,1 # x# Lx,2 and the whole y–z cross section of the simulation box. Also indicated are
the environmental values qye and Te as well as Tc. (c) The resulting buoyancy profile (cm s22), as following fromEq.
(6). The profile is obtained for R0 5 20mm. (d) The inhomogeneous mixing limit (blue horizontal line) and the
homogeneous mixing limits for the different initial liquid water contents. The vertical dashed line indicates the
volume ratio of subvolume seeded with droplets to the total box volume.
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Initial Configuration for DNS and EMPM
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g) EMPM initial water vapor ratio

Domain size 20 m
Grid points 12,000
Grid size 1.67 mm
Smallest ʻeddyʼ size 1 cm
Largest ʻeddyʼ size 0.5 m
Number of droplets 1311
Duration 30 s

1000 realizations (1.3M droplets) takes 45 CPU minutes. 



• The EMPM’s largest “eddy” (triplet map) size, L, 
should be set by matching the scalar variance 
decay time scale of the DNS. 

• For these comparisons, L was simply set to the 
DNS domain size.

• In the EMPM, droplets fall parallel to the scalar 
gradients, thereby over-estimating the effects of 
droplet sedimentation. 

• Not allowing droplets to fall underestimates 
sedimentation’s impacts. 

• We therefore performed simulations with and 
without sedimentation.

Some Potential Sources of Differences 
between the EMPM and DNS



• The EMPM’s turbulence properties are specified. 

• They do not evolve in response to buoyancy due 
to droplet evaporation. 

• Such buoyancy had a minor effect on mixing in 
the DNS.

• The EMPM’s droplets have no inertia, unlike those 
in the DNS.

• The effects of droplet inertia on mixing should 
be much less than those of sedimentation.

Some Potential Sources of Differences 
between the EMPM and DNS

(Those listed below are not expected to be significant)
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Initial droplet 
radius = 10 microns

All droplets completely 
evaporate by 30 s.

Wider DSD 
at all times
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Some droplets 
grow initially in both. 

In EMPM, droplets 
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Example of EMPM results for 
larger scales not accessible to DNS.

• DNS cost ~ N^3,  EMPM ~N. 

• Example: Increasing domain size from 0.5 m to 10 m 
is an increase of 20^3 = 8000 for DNS, but only 20 
for EMPM. 

• Due to the increased mixing time, there is an 
additional factor of 20^(2/3)~7, for a total increase 
of 56,000, versus 140 for the EMPM. 



[EMPM DNS case for 20-m eddy size?]



Narrow slab (used in DNS)
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g) Wide slab (inaccessible to DNS)
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Large droplet tail is
 less eroded.

9.6

12.2

Initial droplet radius is 
15 microns.

Some droplets 
completely evaporate.


