
University of Warsaw Atmospheric and ocean dynamics
Faculty of Physics Winter semester 2023/2024

Solutions for extra exercises for midterm exam

1. Combine the hydrostatic balance and ideal gas law to get:

dz = −dp

p

RT

g

Integrate it from z1 to z2, and substitute ⟨T ⟩ =

∫ p2

p1

Tdlnp∫ p2

p1

dlnp
.

Thermal wind: we apply the derivative with respect to pressure to the geostrophic ba-
lance. Then we note that ∂Φ

∂p
= −1

ρ
. Then we use the gas law:

∂ūg

∂p
= − R

fp
k̂ ×∇pT,

and then we multiply by f× to get:

f̄ × ∂ūg

∂p
=

R

p
∇pT

Isothermal: using the chain rule:

(
∂p

∂x
)T = (

∂p

∂x
)z + (

∂p

∂z
)x(

∂z

∂x
)T ,

(
∂p

∂x
)T = (

∂p

∂x
)z − ρg

∂z

∂x
)T

(
∂p

∂x
)z = (

∂p

∂x
)T + ρ

∂ϕ

∂x
)T ,

divide by ρ = RT/p:

1

ρ
(
∂p

∂x
)z =

RT

p
(
∂p

∂x
)T + (

∂ϕ

∂x
)T ,

1

ρ
(
∂p

∂x
)z = RT (

∂ ln p

∂x
)T + (

∂ϕ

∂x
)T ,
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2. The geopotential is:

Φ(h) =

∫ h

0

gdz.

For hydrostatic balance:

g = −1

ρ

dp

dz
= − p

RT

dp

dz
,

therefore

Φ(h) =

∫ h

0

− p

RT

dp

dz
dz =

∫ p(h)

p0

− p

RT
dp,

assuming constant temperature:

Φ(h) = − 1

RT

∫ p(h)

p0

pdp = −p(h)2 − p20
2RT

.

For the constant potential temperature:

Φ(h) =

∫ p(h)

p0

− p

RT
dp =

∫ p(h)

p0

− p

Rθ( p
p0
)R/cp

dp = −p
R/cp
0

Rθ

∫ p(h)

p0

p1−R/cpdp =

= −p
R/cp
0

Rθ

1

(2−R/cp)
(p(h)2−R/cp − p

2−R/cp
0 ).

It probably can be prettier.

3. Some of the exercises were done in the class

The integrals are:

U =

∫ ∞

0

(u−ug)dz =
1

γ

∫ ∞

0

−ug[e
−λ cos (λ)]dλ =

−ug

γ

∫ ∞

0

[e−λ cos (λ)]dλ =
−ug

2γ

V =

∫ ∞

0

(v− vg) dz =
1

γ

∫ ∞

0

ug[e
−λ sin (λ)] dλ =

ug

γ

∫ ∞

0

[e−λ sin (λ)] dλ =
ug

2γ

Therefore our vector is ug

2γ
(−1, 1). It is oriented at an angle of 135 degrees, whereas the

friction is oriented at an angle of 225 degrees. The difference is 90 degrees.

2



4. To derive the formula, we need to transform the first formula to isobaric coordinates:

u2tanφ

a
= ω2

rasinφcosφ = −1

ρ

∂p

∂y
= −∂ϕ

∂y
,

now use the relation:

∂ϕ

∂p
= −RT

p
,

and calculate the derivative with respect to p:

∂ω2
r

∂p
=

1

asinφcosφ

∂

∂y
(
RT

p
),

then integrate with respect to p:

ω2
r(p2)− ω2

r(p1) =
Rln(p2/p1)

asinφcosφ

∂⟨T ⟩
∂y

.

To calculate the temperature difference, we need to assume that the RHS is a function
of p only:

ω2
r = − 1

asinφcosφ

∂ϕ

∂y
= F (p),

or

ω2
r(p2)− ω2

r(p1) =
Rln(p2/p1)

asinφcosφ

∂⟨T ⟩
∂y

= G(p),

so

∂⟨T ⟩
∂y

= Csinφcosφ,
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in spherical Earth coordinates:

∂

∂y
=

1

a

∂

∂φ
,

therefore:

∂⟨T ⟩
∂φ

= Csinφcosφ,

∂⟨T ⟩ = ∂φCsinφcosφ,

Teq − Tpo = ∆T = −C

2
cos2φ|090 = −C

2
,

therefore:

C = −2∆T,

∂⟨T ⟩
∂φ

= −2∆T sinφcosφ,

ω2
r(p2)− ω2

r(p1) =
Rln(p2/p1)

a2sinφcosφ
(−2∆T sinφcosφ) =

−2∆TRln(p2/p1)

a2
,

∆T =
(ω2

r(p2)− ω2
r(p1))a

2

−2Rln(p2/p1)
=

v2r(p2)− v2r(p1)

−2Rln(p2/p1)
=

1002

(−2)(187)(ln(0.29
9.5

))
= 7.6631K
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