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Model and known results
e0

The model

D = T? x (0, 1) periodic strip. For T > 0in (0, T) x D,
0o + div(pu) = 0,
9¢(ou) + div(ou ® u) — divS(d, Vu) + ﬁVp(g7 ¥) = e QVG + = Al curl B x B,

0:B + curl(B x u) + curl(¢(¥) curl B) = 0,
divB =0,

Ot(ps) + div(psu) + div % =0

1 (MaZS(Vu) :vu -3 -ﬂVﬁ I\ﬁlaz ¢(9)| curl B >
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divB =0,
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The model

D =T? x (0,1) periodic strip. For T > 0 in (0, T) x D, low stratification
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The model

D =T? x (0,1) periodic strip. For T > 0 in (0, T) x D, low stratification
0o + div(pu) =0,
Ot(ou) + div(ou ® u) — divS(¥, Vu) + E%Vp(g, ¥) = %gVG + 5% curl B x B,
0:B + curl(B x u) + curl(¢(¢) curl B) = 0,
divB =0,
0Ot(os) + div(psu) + div % =o,

;<E2S(Vu) :Vu—

q-Vd
9

+ ¢(9)| curl B|2> =0

Boundary conditions on 9D:
u-n=0, [S(¥, Vu)n] x n =0, Bxn=0, 0=0+e9p 2%

Question: What happens when ¢ — 07
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Formal derivation |: preliminaries

Ma = ¢ is small = p. — 0 constant

O < 0(?) = 9. =9, curlB. — 0

alsodivB, =0 = B, — B

in turn, can write . = 0+ £0%, Y. =0 + eV, B, = B + B!

B. xn=0and n=4e; = B=(0,0,b), and B* = (0,0, b'); by
div B! = 0, we have b' = b'(t, x1, x2)

® 6 o o
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Formal derivation Il: CE, form of U, IE

e CE:

0 = deo- + div(o-uc) — O3+ div(aV) =

o IE: Plug in B. = B + ¢B" to get
9B + curl((B + eB') x u.) + e curl(¢(V 4 e9*) curl BY) = 0

= ar(BxU)=(U-V)B-(B-V)U=0 =

and | 9:B" + curl(B' x U) + curl(¢(7) curlBY) =0
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Formal derivation Il: CE, form of U, IE

e CE:

0 = deo- + div(o-uc) — O3+ div(aV) =

o IE: Plug in B. = B + ¢B" to get
9B + curl((B + eB') x u.) + e curl(¢(V 4 e9*) curl BY) = 0

= ar(BxU)=(U-V)B-(B-V)U=0 =

and | 9:B" + curl(B' x U) + curl(¢(7) curlBY) =0

eBConu.::0=u.-n—U-n = ‘U:(Ul,Ug,O)(t,xl,xz)‘
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Formal derivation Ill: magneto-Boussinesq

o

ME: zeroth order terms lead to Vp(gc,9:) = 0. VG + curl B, x B,
As 0. =0+ ¢ept, 9. =040, B, = B +¢eB', we have

9,p(3, V)V o' + dyp(a,0)VI* =3VG + curl B x B

By structure B = (0,0, b) and B* = (0,0, b*), get
curl B! x B = —V(B - BY) (structurally correct!)
@ Removing gradients, we get magneto-Boussinesq relation

D,p(3,0)0" + dyp(3,9)9* + B - B = 2G+x(1)

° Know: [, o' dx=0, [, B' dx = 0; assume: [, G dx =0, then
x(t) = dvp(o,9) {, ¥ dx and Boussinesq reads

9,p(2,9)0" + 99p(2,9)9" + B - B' = 2G + dyp(o, @)][ Ot dx.
D
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Formal derivation |V: ME, part 1

e ME again: recall
O¢(0-ue) + div(peu: ® u.) — divS(¥de, Vu,)

1 1 1
= —=Vp(0e,¥:) + —0:VG + = curl B, x B,
g2 € g2
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Formal derivation |V: ME, part 1

e ME again: recall
O¢(0-ue) + div(peu: ® u.) — divS(¥de, Vu,)

1 1 1
= —=Vp(0e,¥:) + —0:VG + = curl B, x B,
g2 € g2

e LHS: as (0., 9.,u.) — (9,9, U),
Or(0eue) + div(geu: @ u.) — divS(Ye, Vu,)
— 9(0:U + U - VU) — divS(J, VU)
=9(0:U+U-VU) — u(9)V2U



Formal derivation
[e]e]ele] lelelele]e}

Formal derivation V: ME, part 2

@ RHS: as before,
curl B. x B. = curl(B + ¢B') x (B +¢B")

—ccurlB' x B+¢’curlB' x B! = V(B - B') — a€2V%|Bl|2
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Formal derivation V: ME, part 2

@ RHS: as before,
curl B. x B. = curl(B + ¢B') x (B +¢B")

—ccurlB' x B+¢’curlB' x B! = V(B - B') — a€2V%|Bl|2

@ Moreover,
Vp(e, 9e) = e9,p(2, V) Vo' + £dyp(a, ) VI’
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Formal derivation V: ME, part 2

@ RHS: as before,
curl B. x B. = curl(B +¢B') x (B + ¢B")
—ccurlB' x B+¢’curlB' x B! = V(B - B') — a€2V%|Bl|2
@ Moreover,
Vp(oe,9:) = £0,p(2,9) Vo' + 0yp(, ) V'
@ Hence,
1 1 1
— 5 Vp(0e,9e) + =0:VG + = curl B: x Be
€ € €

1 = —= - —0 1
= 2 (9p(@ D)Ve' + 9sp(2. 0)VY') + E—EVG + Z5V6

1 n 1 1 12
~V(B-B') - V;|B|
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Formal derivation V: ME, part 2

@ RHS: as before,
curl B. x B. = curl(B +¢B') x (B + ¢B")
—ccurlB' x B+¢’curlB' x B! = V(B - B') — a€2V%|Bl|2
@ Moreover,

Vp(oe, Ve )—sagp(g,ﬁ)Vg + ey p(o, )Vﬁ1

@ Hence,
1 1 1
— 5 Vp(0e,9e) + *QEVG + = curl B x B,
€
= f%(d p(2,9)Vo' + dgp(s,9)VY ) QVG + ngG
low Rt 152
—_~v(B-BY-Vv=
“V(B-8Y) - V5[]
@ By Boussinesq relation,

1 1 1
— =5 Vp(0e,9:) + =0:VG + = curl B x Be
€ € €

— 0'VG — V%\Bl 2 VUr=0'VG-VN
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Formal derivation VI: HE, part 1

o HE: recall
Ve, VI,
Ot(0=5(0z, V<)) + div(ees(oe, Ve )ue) + div %
1 €) e’ €
_ ﬁ(EQS(vUE) v, - WLV ) cur BE|2)
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Formal derivation VI: HE, part 1

@ HE: recall

0= (0¢s( 02, 92)) + div(s(oe, 92 )ue)) — div % = 0(£?)

g
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Formal derivation VI: HE, part 1

@ HE: recall
0= (9es(02,0.)) + div(s(oz, U-)u.)) — div "“% = O(<?)

o Expanding (recall o. = 9+ €0, 9. = 9 + £9?)
s(0e,9:) = 5(3,9) 4 €0,5(3, ) 0 + €dys(@, 0)9* + O(£?),
we get (0,5 = 0,5(0,7))

(0+ c0") (£0,50:0" + £0950,9" + div [u. (£0,50" + £9959")])
K (9. V0!

—ediv 9.

=0(=%),
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Formal derivation VI: HE, part 1

@ HE: recall

0= (9es(02,0.)) + div(s(oz, U-)u.)) — div "“% = O(<?)

o Expanding (recall o. = 9+ €0, 9. = 9 + £9?)
s(0e,9:) = 5(3,9) 4 €0,5(3, ) 0 + €dys(@, 0)9* + O(£?),

we get (0,5 = 0,5(0,7))
(0+ c0") (£0,50:0" + £0950,9" + div [u. (£0,50" + £9959")])

R(0)VI 0,

—ediv 9.

in turn fore — 0

00:(9,50" + 95") + 2 [U(0,50" + 0p50%)] - "Wl —o
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Formal derivation VII: HE, part 2

@ Gibbs' relation ¥Ds = De + pD(1/p) yields

p

¥0ys = Oye, ¥0,s = Ope — 2z
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Formal derivation VII: HE, part 2

@ Gibbs' relation ¥Ds = De + pD(1/p) yields

Y09s = Oye, 90,5 = J,e —

@ Taking cross-derivatives wrt. ¢ and ¥, we get

7.965195 - 8‘52)196, 895 + 1985195 - 62198 -

9op
92

L
02

9
= (V0,5 = —?&w
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Formal derivation VII: HE, part 2

@ Gibbs' relation ¥Ds = De + pD(1/p) yields

p

¥0ys = Oye, ¥0,s = Ope — 2z

@ Taking cross-derivatives wrt. ¢ and ¥, we get

9op

9
1985195 = 8519e, 0ps + 1985195 = 6§ﬁe -2 = (V0,5 = —?&w

o from BR, we have
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Formal derivation VIII: HE, part 3

@ Collecting equations:

90:(9,50" +50") + 2dv [U(0,50" + dus0")] - “v2at =0

_ _ _ 9 _
0095 = Dge(0,0), V0,5 = —?aﬂp(@, )

1 9 1 = o1 %p( 1 1
Q:G—B-B—(ﬁ —][19 dx)
Jop Dop 0op D
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Formal derivation VIII: HE, part 3

@ Collecting equations:
- =1 =91\ | =4 =1 -1_’5(5)21_
00:(9,50" + 9950) + odiv [U(9,50" + 0959")] 3 Va9t =0

9 _
7?619p(@a 19)

5(9195 = %e(@, 5), 19895 =
1

1 0 = nl 0P 1 1
0 =—G—-——B-B" — (19 ][19 dx)
Jop Dop agp D

@ Putting all together, we find

26,(2,9)(0:9* + U - wl) — 09a(3,0)U - VG — x(9) V30!

=93, 0)0yp(3, 0 ][19 dx — Ja(3,9)(9:(B - B*) + U - V(B - BY)),
where
o(2.7) = ;m o(2.7) = 022(2.) + 2a(@.7)00p(2.9)
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Target system

divU =0, divB'=0,
9op(0,9)0" + 09p(2,9)9" + B - B' = 3G + dyp(s,V )][ o' dx

2(0:U + U - VU) — u(9)V2U + VN = o' VG,
9;B" + curl(B" x U) + curl(¢{(V) curl B*) = 0,
26,(3,9) (09 + U - VI') — g0z, 9)U - VG — k(D) V9

— Ta(3,9)9sp(3, E)at][ 9 dx — Ja(2.9)(0.(B - BY) + U V(B - BY)),
D
where

a@9) = 12220 05) = one(a.? 9+ La(z.7)00p(z.7)

BC: 9} op = ¥p (recall ¥.|op = 9 + ciB)
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Target system

Some modifications for magnetic field:

0 = 9:B* + curl(B' x U) + curl(¢(D) curl BY)
=0,B' +(U-V)B' — (B - V)U — ((V)V?B!
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Target system

Some modifications for magnetic field:

0 = 9:B* + curl(B' x U) + curl(¢(D) curl BY)
=0,B' +(U-V)B' — (B - V)U — ((V)V?B!

Hence, also
o(B-BHY+U-V(B-B')=B-(8;B'+ (U-V)B!)
=B-((B'-V)U + ¢(V)V?B!)
(B'-V)(B-U) +¢(¥)V?*B-B")

=0 by BLU

|
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Target system

Some modifications for magnetic field:

0 = 9:B* + curl(B' x U) + curl(¢(D) curl BY)
=0,B' +(U-V)B' — (B - V)U — ((V)V?B!

Hence, also
o(B-BHY+U-V(B-B')=B-(8;B'+ (U-V)B!)
=B-((B'-V)U + ¢(V)V?B!)
(B'-V)(B-U) +¢(¥)V?*B-B")

=0 by BLU

|

Final HE:
26,(0r9' + U - VO') — gdal - VG 4 9aCV?(B - BY) — xV29!
= Dadyp(o, 5)&][ 9t dx
D



Rigorous proof

Relative energy

(,19uB

r@UH) fg|u—U|—|- |B HJ?
+ X eete.0) - 0 aste.) - (. 0)

- (e(r,@) os(r,0) + P e))(g— M — re(r,@)]



Relative energy

Relative energy inequality:

t=71
[/ E(Q,I?,H,B ’r,@,U,H) dx]
D t=0
1 q(®, Vo) - v9 1 »
/ / S(¥,Vu) : Vu — — ———————— 4+ —((9)| curl B| dx dt
e2 9 &2
1
<7/ / ( (u— ) ufU)+—2p(9,19)M7§(19,Vu)):Vdedt
€
— curl B X B) - U dx dt
e2 ./o /D( )

_/T/ Q(Brl”U'VU—iVG)-(u—u)dxd,
,7/ / (é’( — s(r, @))8t®+9(s(e,19)—s(,,@))u.v@+@.ve) dx dt
i2/ / (( )atp m‘?“'vn(n@)) dx dt

/ (B 9tH — (B X u) - curlH — ¢(9) curl B - curIH) dx dt

=
=N

/ H . O;H dx dt
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Relative energy

Relative energy inequality:

/E(g,ﬂ,u,B

D

</ /sth (g,ﬁ,u,B
o Jo

t=T1
r,©,U, H) dx] + sth. non-neg.

t=0

r,®, U,H) dx dt
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</ /sth (g,ﬁ,u,B
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Goal: Gronwall argument, once getting
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D

SC/ /E(g,ﬁ,u,B
0 D

t=T1
r,©,U, H) dx] + sth. non-neg.

t=0

r,®, U,H) dx dt

t=1
r,®,U, H) dx] + sth. non-neg.

t=0

r,®,U, H) dx dt + small error



Rigorous proof

Relative energy

Relative energy inequality:

/E(g,ﬂ,u,B

D

</ /sth (g,ﬁ,u,B
o Jo

Goal: Gronwall argument, once getting

/E(g,ﬂ,u,B

D

SC/ /E(g,ﬁ,u,B
0 D

Idea: Consider

t=T1
r,©,U, H) dx] + sth. non-neg.

t=0

r,®, U,H) dx dt

t=1
r,®,U, H) dx] + sth. non-neg.

t=0

r,®,U, H) dx dt + small error

E—E (gave,ue, B.

o+ cot, 9 + eV’ U7E+EBI)



Rigorous proof

Convergence

QOutcome:

t=1 T
[/ E. dx} + sth. non-neg. < C/ / E. dx dt + O(e),
D o Jp

t=0

leading to

(Agﬂw<gﬁamw+aﬂ



Rigorous proof

Convergence

Outcome:
t=1 T
[/ E. dx} + sth. non-neg. < C/ / E. dx dt + O(e),
D t=0 0 JD

leading to
/ E.(7) dx < C/ E.(0) dx + O(e);
D D

hence, for any 7 € (0, T), if [, E-(0) dx — 0, then

E—

lim / E.(7) dx =0,
0Jp
and

(u.,9.,B.) — (U,9,B) in L2(0, T; WY2(D)), 0. — 7in L=(0, T; L*(D)),
B.-B Lol oy o

— 91 B L T)x D
6 P R ) (¢",97,B%) in L*((0, T) x D)
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Scalings

@ Recall
u u u u u
Al el oY U p_ U
Bc/\/ Qc CA \/pC/QC Cs glc
1
o Usual Boussinesq scaling: 1 = Ma = (= %), uc. =e+/glc

@ Spiegel/Weiss, and Bowker/Hughes/Kersalé: u. < ¢s and ca ~ ue,
2 1 1

so set g9 = %2‘ < 1. Then uc ~e2cs, and 1 = &3 = &; in turn
'S

Alz]_’ Ma:g’ Fr:g%



Comparison with known results
@000

Scalings

@ Recall
u u u u u
Al el oY U p_ U
Bc/\/ Qc CA \/pC/QC Cs glc
1
o Usual Boussinesq scaling: 1 = Ma = (= %), uc. =e+/glc

@ Spiegel/Weiss, and Bowker/Hughes/Kersalé: u. < ¢s and ca ~ ue,
2 1 1
so set €5 = %2‘ < 1. Then ue ~ €3¢, and €1 = &5 = &; in turn

Alz]_’ Ma:g’ Fr:g%

@ Our case: u. < ¢s and ¢y ~ ¢, thus, with & = Z’—: < 1, get
U = €1Cs = Ercp ~ E2Cs, hence 61 = &, = ¢ and

Al = ¢, Ma =¢, Fr =2,



“Mathematical” magneto-OB

Recall our target system:

divU =0, divB=0,
2(0:U + (U - V)U) — uV2U + VI = oVG,

9B+ (U-V)B—(B-V)U-(V°B=0,

026,(0:9 + U - V) — 9ol - VG + 9aCV?(B - B) — V20

— Tadsp(2.0)0: f 1 dx.
D

9,p(2, 9)0 + 0op(2, )0 + B - B = 3G + dyp(2, 5)][ 9 dx
D



Comparison with known results
[e]e] e}

“Physical” magneto-OB

(See Spiegel /Weiss: “Magnetic Buoyancy and the Boussinesq
Approximation”, 1982; Bowker/Hughes/Kersalé “Incorporating velocity
shear into the magneto-Boussinesq approximation”, 2014):
divU=0, divB=0,
2(0:U + (U-V)U) — uV2U + VI = —pge; + (B - V)B,
9B+ (U-V)B—(B-V)U—(V°B=—H," UsB,
26,(0:9 + U - VI)—(0:p + U - Vp) — kV29 = —Us 3,

1
p=Rod, M=p+pm=Rel+3B

Otp+U-Vp=—0gUs — (0tpm + U - Vpp),
0:pm +U-Vp, =B-[(B-V)U+ (V?B]



Comparison with known results
[e]e] e}

“Physical” magneto-OB

(See Spiegel /Weiss: “Magnetic Buoyancy and the Boussinesq
Approximation”, 1982; Bowker/Hughes/Kersalé “Incorporating velocity
shear into the magneto-Boussinesq approximation”, 2014):
divU =0, divB =0,
2(0:U + (U-V)U) — uV2U + VI = —pge; + (B - V)B,
9B+ (U-V)B—(B-V)U—(V°B=—H," UsB,
26,(0:9 + U - VI)—(0:p + U - Vp) — kV29 = —Us 3,
1
p=Rod, M=p+pm=Rel+3B
Otp+U-Vp=—0gUs — (0tpm + U - Vpp),
3tpm+U-Vpy =B-[(B-V)U+(V’B]
For us: (B - V)B = b(t, x1, x2) - 3b(t, x1,x2) = 0,

—ge; = V[x — —gx3] = VG, H; ' = — L log(g) =0,

8= 57’1% log(p 2~ 7) =0 = CE, ME, IE consistent!



Comparison with known results
[e]ele] ]

Comparison of HE

Our HE:
96,(0:9 + U - V) — 0ol - VG + 0ol V?(B - B) — kV>0 = 9adyp(3, 9)0: fD ¥ dx
Physical HE (according to Spiegel /Weiss):
06,(0:9 + U - V) —(0:p + U - Vp) — kV?9 =0,
p=Ro9, N=p+pn=Red+ %\B\Q,

Oip+U-Vp=—0gUs — (0tpm + U - Vpp),
Otpm +U-Vp, =B-[(B-V)U+(V?B]



Comparison with known results
[e]ele] ]

Comparison of HE

Our HE:

26,(0:9 + U - V) — glal - VG + 9al V(B - B) — V>0 = Jadyp(s, 0)d: f ¥ dx
D

Physical HE (according to Spiegel /Weiss):

26,(0:9 + U - V) +0gUs + B - [(B - V)U + (V?B| — kV29 = 0,



Comparison with known results
[e]ele] ]

Comparison of HE

Our HE:

26,(0:9 + U - V) — glal - VG + 9al V(B - B) — V>0 = Jadyp(s, 0)d: f ¥ dx
D

Physical HE (according to Spiegel /Weiss):

06,(0:9+U-VY) —U-VG +B-[(B-V)U+(V?B] - kV?9 =0



Comparison with known results
[e]ele] ]

Comparison of HE

Our HE:
265(0:9 + U - V) — g0al - VG + 9alV?(B - B) — V>0 = 9adyp(s, 9)d: ][ 9 dx
D

Physical HE (according to Spiegel /Weiss):

26(8:9 +U - V9) —gU - VG +[(B-V)(B-U)+(V*(B-B)] — V9 =0
N——

=0



Comparison with known results
[e]ele] ]

Comparison of HE

Our HE:

26,(0:9 + U - V) — glal - VG + 9al V(B - B) — V>0 = Jadyp(g, E)atf ¥ dx
D

Physical HE (according to Spiegel /Weiss):

06,(0:9 +U-VY) —gU - VG + (V?(B-B) — kV?9 =0

Recall p = Rpd such that Jo = 2 20P(@

(2,
8@[’(51
non-local term

2

IS
=l

=1, so 1:1 the same up to



Comparison with known results
[e]ele] ]

Comparison of HE

Our HE:

26,(0:9 + U - V) — glal - VG + 9al V(B - B) — V>0 = Jadyp(g, E)atf ¥ dx
D

Physical HE (according to Spiegel /Weiss):

06,(0:9 +U-VY) —gU - VG + (V?(B-B) — kV?9 =0

Recall p = Ro¥ such that da = %% =1, so 1:1 the same up to
[ )
non-local term — no boundary conditions in Spiegel /Weiss
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temperature boundary conditions
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Summary

@ Formal and rigorous proof of magneto-Boussinesq with Dirichlet
temperature boundary conditions

o Completely consistent with Spiegel /Weiss and
Bowker/Hughes/Kersalé (special case G = —gx3, p = Ro¥, no BC,
different measuring of ca)

@ Wider class of pressure functions, non-local term

Dziekuje za uwage!



The last slide
oce
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