Linear stability of a vortex ring revisited

Yasuhide Fukumoto

Kyushu University, Graduate School of Mathematics

yasuhide@math.kyushu-u.ac.jp

Yuji Hattori

Kyushu Institute of Technology, Faculty of Engineering

hattori@mns.kyutech.ac.jp

Vortex rings are invariably susceptible to wavy distortions, sometimes leading to disruption. We revisit the development of waves on vortical cores, namely, the linear stability problem. It is widely accepted that the Widnall instability is responsible for development of unstable waves. This is an instability for a straight vortex tube subjected to a straining field in a plane perpendicular to the tube axis (Moore & Saffman [1], Tsai & Widnall [2]).

When viewed locally, a thin vortex ring is crudely approximated by a straight tube. For simplicity, we restrict our attention to a circular core of uniform vorticity, that is, the Rankine vortex. The waves of infinitesimal amplitude on the Rankine vortex, the Kelvin waves, are known to be neutrally stable. The vortex ring induces, on itself, not only a local uniform flow but also a local straining field akin to pure shear [3]. A pure shear with the principal axes perpendicular to the vorticity deforms the core into an ellipse. This is a quadrupole field proportional to cos 2θ or sin 2θ, in terms of polar coordinates (r, θ) in the meridional plane, and is capable of mediating a parametric resonance between the bending waves of left- and righthanded. In a wider context, straining field may be looked upon as the flow induced by neighbouring vortices. Bayly [4] and Waleffe [5] uncovered that the elliptical instability has much in common with the Widnall instability, establishing ubiquity of the latter.

Recently Fukumoto & Moffatt [6] have made an attempt at calculating, with a high accuracy, the translation speed and the expansion, in toroidal radius, of an axisymmetric vortex ring in a viscous fluid. Using the method of matched asymptotic expansions in a small parameter ϵ, the ratio of the core to the ring radii, the solution of the Navier-Stokes equations is built in a series form in powers of ϵ. The leadingorder flow is a circular vortex, a monopole field. The first-order flow is a dipole field proportional to cos θ, and the quadrupole field appears at the next order. Though the dipole field, pertaining to the curvature effect, plays the key role, its influence on stability has gone untouched. In the present study, we explore “whether the dipole field at O(ϵ) can cause instability or not”.

According to Krein’s theory of parametric resonance in Hamiltonian systems [7], a single Kelvin mode cannot be destabilized by perturbations breaking the circular symmetry. But an instability becomes permissible for a superposition of two modes with the same wavenumber and the same frequency. Subjected to the dipole field as the dominant symmetry-breaking perturbation, two Kelvin modes with angular dependence e^{imθ} and e^{inθ} can be amplified at the intersection points of dispersion curves if the condition |m − n| = 1 is met.

We show that a parametric resonance indeed occurs at a part of intersection points of dispersion curves of axisymmetric (m = 0) and bending (n = 1 or n = −1) modes. The growth rate is evaluated and is compared with that of the Widnall instability [3]. It is found that the dipole effect predominates over the quadrupole effect for very thin cores. The instability mechanism is clarified from the viewpoints not only of flow structure but also of the Hamiltonian spectrum theory. A comment is given to the cases of continuous distribution of vorticity (cf. Kop’ev & Chernyshev [8]).

References

[1] Moore, D. W. & Saffman, P. G. (1975). The instability of a straight vortex filament in a strain field. Proc. Roy. Soc. Lond. A 346, 413–425.

[2] Tsai, C.-Y. & Widnall, S. E. (1976). The stability of short waves on a straight vortex filament in a weak externally imposed strain field. J. Fluid Mech. 73, 721–733.

[3] Widnall, S. E. & Tsai, C.-Y. (1977). The instability of the thin vortex ring of constant vorticity. Phil. Trans. Roy. Soc. Lond. A 287, 273–305.

[4] Bayly, B. J. (1986). Three-dimensional instability of elliptical flow. Phys. Rev.

Lett., 57, 2160–2163.

[5] Waleffe, F. (1990). On the three-dimensional instability of strained vortices.

Phys. Fluids A, 2, 776-780.

[6] Fukumoto, Y. & Moffatt, H. K. (2000). Motion and expansion of a viscous vortex ring. Part 1. A higher-order asymptotic formula for the velocity. J. Fluid Mech. 417, 1–45.

[7] MacKay, R. S. (1986). Stability of equilibria of Hamiltonian system. In Nonlinear Phenomena and Chaos, Ed. S. Sarkar, pp. 254–270.

[8] Kop’ev, V. F. & Chernyshev, S. A. (2000). Vortex ring oscillations, the development of turbulence in vortex rings and generation of sound. Phys. Uspekhi 43, 663–690.