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The programmable computer is no more and no less than a handy
device for the implementation of any thinkable mechanism.
As such it poses on us the burden to demonstrate which me-
chanisms we can think of sufficiently clearly. It implies the chal-
lenge of blending Engineering with the techniques of Scientific
Thought; this challenge is exciting and we are ready for it.1

Edsger W. Dijkstra2, 1984

1 Closing sentence of a lecture entitled ”The threats to computing science” (EWD898, 1984)
2 E.W. Dijkstra (1930–2002) was a Dutch computer scientist. In 1972 he was awarded with

the Turing Award ”For fundamental contributions to programming as a high, intellectual challenge;
for eloquent insistence and practical demonstration that programs should be composed correctly, not
just debugged into correctness. . . ” (see http://amturing.acm.org/). He is an author of hundreds
of influential manuscripts known collectively as ”EWDs” (see http://cs.utexas.edu/users/
EWD/). He is known for being a proponent of mathematical elegance in programming understood
as a prerequisite for software reliability. He urged the scientific society not to overlook competency
in programming, particularly when teaching. He repeatedly pointed out the need to change the way
physicists do programming: ”In the good old days physicists repeated each other’s experiments, just
to be sure. Today they stick to FORTRAN, so that they can share each other’s programs, bugs inc-
luded.” (EWD498, 1975) ”It has been said that Physics alone has produced computing ignoramuses
faster than we could educate them!” (EWD1284, 1999).

http://amturing.acm.org/
http://cs.utexas.edu/users/EWD/
http://cs.utexas.edu/users/EWD/


Preface

The word ”model” and even the word ”cloud” have become ambiguous within the
computational science nomenclature. The clouds covered in this work are the visible
effects of phase changes of water in the Earth’s atmosphere. Noteworthy, the cloud
modelling of the type described herein is increasingly often carrier out ”in the cloud”
(i.e., making use of distributed computing). The notion of a ”model” is used thro-
ughout the text to describe the mathematical description of an ensemble of natural
phenomena.

The majority of modern cloud models feature components requiring a numerical
approach and a programmable computer in order to solve their equations. All these
models rely on observational data for its formulation and validation. This makes
cloud modelling a challenging blend of physical sciences and software engineering.

Throughout the text, the distinction between the mathematical description
(model formulation, model) and its description in a programming language (model
implementation, code) is underlined. This is reflected in the structure of the four
introductory chapters that follow and that deal with:
(1) modelled phenomena,
(2) model formulation,
(3) model implementation,
(4) model validation.
These four chapters give a very concise, and hence certainly not exhaustive, intro-
duction to cloud modelling, and are presented with the aim of guiding the reader
through the three papers in the appendix that constitute the substance of this thesis.

The bold use of the word ”modern” in the title refers mainly to the two following
novel aspects of cloud modelling. The first aspect (concerning model formulation)
is the application of the particle-based simulation technique for cloud modelling.
This approach is based on Lagrangian representation of the evolution of the par-
ticle size spectrum which is featured in all three papers of the thesis. The second
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aspect (concerning model implementation) is the employment of modern software
engineering techniques which is the highlight of paper A.3 and one of topics of A.1.

While all three presented papers involve employment of similar computational
techniques to represent aerosol and cloud particles (i.e. the Lagrangian represen-
tation of evolution of the aerosol size spectrum), they differ in their focus and the
employed model types. Paper A.1 uses a zero-dimensional framework (so-called par-
cel model), paper A.2 features three-dimensional (so-called large-eddy) simulations,
and paper A.3 includes discussion of two-dimensional prescribed-flow simulations.
The foci of the three papers are: model formulation, validation and implementation,
respectively.

The simulations presented in the three enclosed papers all relate to the interac-
tions of atmospheric aerosols with clouds. The motivation to study these effects
stems from the role they play in shaping the Earth’s perturbed climate. Aerosols
and their interactions with clouds continue to contribute the largest uncertainty
to the estimate of how the natural and anthropogenic substances and processes
drive the climate change, an estimate based partly on results of cloud modelling3.
Clouds and aerosols are linked through two-way interactions involving:
(a) impacts of physicochemical properties of aerosol on cloud microstructure, and
(b) cloud and precipitation impacts on aerosol via physical and chemical processes.
Robust representation of these interactions poses a challenge for modern cloud mo-
delling. All three presented papers deal with representation of aerosol-cloud inte-
ractions in numerical simulations of clouds, and all three contribute to facing this
challenge. While none of these studies quantifies the effects of clouds and aero-
sol on climate, the developed tools and the obtained results are of applicability
in this field. The modelling studies aimed at linking microscopic properties of ae-
rosol with global long-term behaviour of the Earth system are left with no choice
but to tackle the multi-scale nature of the problem by feeding larger-scale models
with aggregated output from smaller-scale models of the types used in the papers
in the appendix.

Finally, the embraced approach to treat the description of the model formu-
lation on par with those of model implementation is arguably by itself a novel
aspect in the cloud modelling domain. An apt example supporting this point being
the recent creation and the scope of such journals as the Geoscientific Model Deve-
lopment (GMD). Interestingly, in 2013 GMD introduced, with outspoken opposition

3 Working Group I Contribution to the Intergovernmental Panel on Climate
Change (IPCC) Fifth Assessment Report ”Climate Change 2013: The Physi-
cal Science Basis”, Summary for Policymakers (http://ipcc.ch/report/ar5/wg1/).
For information on IPCC, see http://nobelprize.org/nobel_prizes/peace/laureates/2007/.

http://ipcc.ch/report/ar5/wg1/
http://nobelprize.org/nobel_prizes/peace/laureates/2007/
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to the prevalent practice, a policy that all papers ”must be accompanied by the code,
or means of accessing the code, for the purpose of peer-review”, while the edi-
tors ”strongly encourage referees to compile the code, and run test cases supplied
by the authors”4. Such requirements for auditability of the model implementation
and reproducibility of simulation results bring on the necessity of developing code
that is ready to be used by others, and the necessity of documenting the implemen-
tation. The need to find ways of bringing cloud modelling software to comply with
such policies was one of the motivations behind the work summarised in this thesis.

The four following introductory chapters are written with general audience
in mind. Each chapter features a separate short reference list providing pointers
to further reading including recent comprehensive textbooks and a handful of sub-
jectively selected papers on more specific topics. References to works cited within
digressions from the main topic, as well as references to Internet sites, are given in fo-
otnotes.

4 Geosci. Model. Dev., 6, 2013. Editorial (doi:10.5194/gmd-6-1233-2013)

http://dx.doi.org/10.5194/gmd-6-1233-2013


Water is perhaps the most abundant and most universally di-
stributed form of matter on the earth. It has to perform more
varied functions and more important duties than any other kind
of matter with which we are acquainted. From its close connec-
tion with all forms of life, it has been the subject of deepest inte-
rest in all ages. It is constantly changing from one of its states
to another. At one time it is solid, now liquid, and then gase-
ous. These changes take place in regular succession, with every
return of day and night, and every successive season; and these
changes are constantly repeating themselves with every returning
cycle. Of these changes, the one which perhaps has the gre-
atest interest for us, and which has for long ages been the subject
of special observation, is the change of water from its vaporous
state, to its condensation into clouds, and descent as rain. 5

John Aitken6, 1880

5 Opening sentences of the article ”On Dust, Fogs, and Clouds”, Trans. R.S.E. XXX,
1880–1881 (http://archive.org/stream/transactionsofro301883roy)

6 John Aitken (1839–1919) was a Scottish physicist and meteorologist. He is regarded
as one of the founders of cloud physics. In 1917 he was awarded the Royal Medal ”On the ground
of his work on cloudy condensations” (http://royalsociety.org/awards/royal-medal/).

http://archive.org/stream/transactionsofro301883roy
http://royalsociety.org/awards/royal-medal/


Chapter 1

Modelled phenomena

1.1. A few words of introduction

Aitken’s works from the last decades of the 19th century mark the beginnings
of cloud physics1. By mid 20th century, cloud physics had grown into a major branch
of science, being fuelled significantly – through its links with aviation, weather fo-
recasting and weather modification – by the military needs and the technological
advances of World War II and the Cold War. By then, the topics researched by cloud
physicists already included:
— thermodynamics (e.g., phase changes of water),
— aerosol and cloud microphysics (e.g., formation and collisions of droplets),
— interaction of clouds with electromagnetic radiation (e.g., radar beams),
— large-scale air dynamics (governing cloud macrostructure),
— small-scale air dynamics (turbulence),
— atmospheric electricity (e.g. thunderstorms).

In 1971, in the preface to the second edition of his book on cloud physics,
Mason2 points out that ”modern methods of data processing, and of numerical mo-
dels, has given the subject a new impetus”. Noteworthy, cloud physics simulations
were among the very first problems addressed with high-performance computers yet
in 1950’s (cf. section 1 in A.1) and they still continue to tie the world’s fastest
computers up.

1 What might be of interest to Polish readers, while – to the author’s knowledge – there were
no Poles among founders of cloud physics, several Polish scientists from neighbouring domains con-
tributed to laying the grounds for cloud physics. Among the recurrent names, there are: Antoni
B. Dobrowolski (1872–1954) known for his studies on formation of snow and ice (see Hist.
Geo Space. Sci., 2, doi:10.5194/hgss-2-75-2011); Marian Smoluchowski (1872–1917) whose
mathematical description of coagulation is used in modelling formation of precipitation (see Con-
dens. Matter Phys., 15, doi:10.5488/CMP.15.40002 ); Witold E. Rybczyński (1881–1949) who
is co-credited for the Hadamard–Rybczyński equation applicable to description of hydrodynamic
effects around cloud droplets.

2 As Aitken, Sir John Mason (born 1923) was awarded with the Royal Medal. He was ho-
noured with it in 1991 ”in recognition of his distinguished research on cloud physics. . . ”
(http://royalsociety.org/awards/royal-medal/)

http://dx.doi.org/10.5194/hgss-2-75-2011
http://dx.doi.org/10.5488/CMP.15.40002 
http://royalsociety.org/awards/royal-medal/
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By the beginning of the 21st century, cloud physics extended the above-listed rese-
arch areas with such appealing topics as the cloud microphysical processes involving
airborne bacteria (Hoose et al., 2010) or cosmic rays (Duplissy et al., 2010). Intere-
stingly, the ambitions of cloud modelling have grown over the years from weather-
to climate forecasting, and from weather modification to climate-change mitigation
via geoengineering.

Overall, cloud physics remains a genuinely interdisciplinary field that often deals
with palpable emanations of apparently subtle interplays between phenomena be-
longing to otherwise distant branches of science. This is also one of the reasons why
numerical modelling is often the only way of improving our understanding in this
field. The next section discusses a selection of cloud microphysical phenomena exem-
plifying the multi-scale and multi-disciplinary nature of cloud processes.

1.2. Selected cloud microphysical processes

The papers presented in the appendix concentrate on cloud microphysics. Micro-
physics is the physical description of processes occurring at particle level, with the
particles ranging in size from micrometres to millimetres, and with the relevant
timescales going down to fractions of a second. As the name suggests, microphysics
excludes the macroscale and chemistry, although couplings among them are ubi-
quitous and often of major importance. Cloud microphysics may be further split
into two areas by distinguishing processes that do not involve the ice phase of wa-
ter, and those that do. The focus of this work is the formation of cloud droplets
and their further growth into precipitation through the so-called warm-rain proces-
ses occurring in absence of the ice phase. For further reading on both microphysics
and macrophysics of warm and cold clouds, the reader is referred to Wang (2013).

The initial stage of formation of cloud droplets is referred to as cloud conden-
sation nuclei (CCN) activation (the focus of paper A.1, and an important element
of simulations discussed in both other papers). During CCN activation the par-
ticles of natural or anthropogenic origin that are suspended in the air (i.e. the aero-
sol) grow by water vapour condensation. This growth is driven by supersaturation
of the air with water vapour. The supersaturation is generally caused by a change
of the air’s temperature. The temperature change may be caused by expansion
of the air when lifted by convection (cumuli) or a mountain wave (lenticular clo-
uds), or by the loss of heat through radiative cooling (fog). The condensational
growth of droplets causes latent heat release that fuels further upward air motion
what couples cloud processes with atmospheric stability. What is the subject of par-
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ticular interest in modern cloud physics is the way the properties of particles ac-
ting as CCN (viz. air pollution) influence the spectrum of sizes of cloud droplets.
This is due to the fact that cloud droplet size spectrum shape determines how the clo-
uds reflect solar radiation and how likely they may form rain.

The process of warm rain formation involves collisional growth of droplets
(its numerical representation being the focus of papers A.2 and A.3). The collisions
and resultant coalescence of cloud droplets causes them to reach drizzle-drop sizes
of tens to hundreds of micrometres. Larger droplets collide with higher probabilities
due to larger cross-section for collisions but also due to the larger sedimentation
velocity causing their movement relative to (and possibly right into) the smaller-sized
drops. The larger the drops and the faster they fall, the more susceptible they
are to breakup (either due to collisions or spontaneous breakup) what may further
modulate the evolution of the spectrum of sizes of the water drops.

The sedimentation velocity of droplets with respect to ground is a resultant
of the gravitational force, the aerodynamic drag, and the motion of surrounding
air. The falling rain may capture not only the smaller droplets but may also
cause scavenging of the aerosol particles what is discernible by naked eye
as the enhancement in visibility after rainfall. After falling out below the cloud
– where the air is subsaturated, the drops are subject to evaporation, efficiency
of which being dependant through the effect called ventilation on the velocity
of droplets relative to the surrounding air. The rain that does not reach the ground
(virga) and the droplets of dissolving clouds evaporate back to form aerosol particles
and contribute to the process referred to as cloud processing of aerosol.

Both the condensational and collisional mechanisms of droplet growth are co-
upled with cloud dynamics. The large-scale motions act as triggering mechanism
for cloud formation. The small-scale dynamics, in particular the turbulent air mo-
tions, influence the efficiency of droplet collisional growth. The dynamics in turn
are influenced by the latent heat release through its influence on air buoyancy
and by the drag induced by precipitation.

Clouds play also a major role in the longer-term atmospheric energy balance
and hence the Earth’s climate. This is primarily through their role in the re-
distribution of water in the Earth system and in the transfer of radiation
through the atmosphere. The latter providing further (so called indirect) links
with aerosols through their influence on cloud albedo (fraction of reflected sunli-
ght) and cloud lifetime. The concept of indirect effect of aerosol on cloud
albedo is as follows: polluted air contains more CCN than pristine air; abun-
dance of CCN results in cloud being formed of numerous smaller droplets rather
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than fewer larger ones; the total volume of condensed water is nearly independent
of CCN concentration; a polluted-environment cloud with more smaller particles re-
flects sunlight more effectively than a pristine-environment cloud of the same water
content due to larger total surface of particles. Besides making clouds ”brighter”,
higher aerosol contents were hypothesised to cause an increase in the lifetime
of a single cloud by inhibiting formation of rain (reduced probability of drop
collisions for smaller droplets).

The prospect of explaining the influence of anthropogenic air pollution on the cli-
mate change through such indirect effects is very tempting. However, even tho-
ugh the theory is sound, the reality is that the nature is insusceptible to such
simple categorisation into causes and effects. The Earth system is full of com-
pensating and buffering mechanisms. The previously underlined multi-scale and
multi-disciplinary nature of cloud processes contributes to the difficulties in untan-
gling the effects of aerosol on clouds and precipitation, not mentioning the climate.
For further reading on the role of clouds in the climate system, the reader is referred
to the comprehensive report of Heintzenberg and Charlson (2008), that includes
a chapter by Feingold and Siebert on the above outlined aerosol-cloud interactions.



References 15

References

Books

Heintzenberg, J. and R. Charlson, eds. (2008). Clouds in the Perturbed Climate
System. includes ”Cloud-Aerosol Interactions from the Micro to the Cloud Scale”
by Feingold and Siebert. MIT Press. isbn: 978-0262012874.

Mason, B. (1971). The Physics of Clouds. 2nd ed. (1st ed.: Oxford Univ. Press,
1957; 2nd ed. reprinted by Oxford Univ. Press in 2010). Clarendon Press. isbn:
978-0199588046.

Wang, P. (2013). Physics and Dynamics of Clouds and Precipitation. Cambridge
Univ. Press. isbn: 978-1107005563.

Articles

Duplissy, J. et al. (2010). Results from the CERN pilot CLOUD experiment. Atmos.
Chem. Phys. 10, pp. 1635–1647. doi: 10.5194/acp-10-1635-2010.

Hoose, C., Kristjánsson, and S. Burrows (2010). How important is biological ice
nucleation in clouds on a global scale? Environ. Res. Lett. 5, p. 024009. doi:
10.1088/1748-9326/5/2/024009.

http://dx.doi.org/10.5194/acp-10-1635-2010
http://dx.doi.org/10.1088/1748-9326/5/2/024009


Some changes are more difficult to describe than the motion
of a point on a solid object, for example the speed of drift
of a cloud that is drifting very slowly, but rapidly forming or eva-
porating, or the change of woman’s mind.

We do not know a simple way to analyse a change of mind,
but since the cloud can be represented or described by many mo-
lecules, perhaps we can describe the motion of the cloud in prin-
ciple by describing the motion of all its individual molecules.3

Richard Phillips Feynman4, 1963

3 From Volume 1 of ”The Feynman Lectures on Physics” (Addison-Wesley, 1963)
4 Richard P. Feynman (1918–1988) was an American physicist, a laureate of the Nobel prize in

physics (see http://nobelprize.org/nobel_prizes/physics/laureates/1965/). Besides the
famous series of lectures on physics, Feynman authored ”Feynman Lectures on Computation”
published posthumously in 1996. Feynman played a crucial role in developing the first massi-
vely parallel computers and in their application to scientific problems (see Physics Today 42,
doi:10.1063%2F1.881196). Feynman’s interest in parallel computing went back to the Manhattan
Project in which he was supervising the ”computers” (i.e. people operating mechanical calculators).

http://nobelprize.org/nobel_prizes/physics/laureates/1965/
http://dx.doi.org/10.1063%2F1.881196


Chapter 2

Model formulation

2.1. Common modelling frameworks

Somehow in accord with what Feynman had envisaged, methods employing de-
scription of ”individual molecules” to simulate the macroscopic behaviour of clouds
have been recently developed. In the particle-based simulations described in papers
A.2 and A.3, the ”molecules” are the hydrometeors. However, the most widely
known context in which clouds are simulated – the numerical weather prediction
(NWP) – features cloud description of much coarser granularity. In NWP, clouds
are usually represented with just a few values per grid cell (volume of the order
of cubic kilometres). Even this apparently low information content is unattaina-
ble in global simulations of long-term atmospheric behaviour such as those used
to study the Earth’s climate. Using the dimensionality, and the span of spatial and
temporal scales as keys, cloud modelling frameworks may be classified as follows
(the list is not exhaustive, see chapt. 13 in the book of Straka, 2009, for an example
of another classification):
— 0-dimensional (0D):

— parcel models: applicable for process studies; often based on assumption
of adiabaticity what determines the small volumes they may represent; em-
ployed in formulation of indices used in operational meteorology;

— Lagrangian trajectory models: may be viewed as parcel models with
the adiabaticity condition replaced with externally defined conditions through
which they may be coupled with models of higher dimensionality;

— dynamical system models: used for studying long-term behaviour of cloud
systems as a whole; properties of the whole cloud system are represented with
single variables (e.g., rain rate, cloud depth) coupled via ordinary differential
equations that may be susceptible to analytical solutions; see e.g., Koren and
Feingold (2011);
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— 1-dimensional (1D): represent single-columns or multiple-layers of the at-
mosphere; require prescribed dynamics; often used to represent clouds within
global models or to test algorithms for models of higher dimensionality;

— 2-dimensional (2D): represent vertical slabs of the atmosphere; minimal
set-up to represent cloud dynamics (e.g., convection with updraught and down-
draught zones) but also applicable for kinematic (i.e. prescribed-flow) simula-
tions; used as ”super parameterisations” of cloud processes within global models
(see Randall et al., 2003);

— 3-dimensional (3D): models simulating atmospheric hydrodynamics:
— direct numerical simulations: employ computational domains represen-

ting volumes of the order of cubic metres with periodic boundaries in all di-
rections; used for studying interactions of cloud processes with small-scale
dynamics down to molecular scale;

— cloud resolving models; limited-area simulations with sub-kilometre spa-
tial resolutions; run for periods of up to several dozens of hours; most often
comprised of a non-hydrostatic dynamical core and a continuous-medium
representation of clouds and precipitation;

— models representing clouds as subgrid-scale processes; all larger-scale si-
mulations including global circulation models; most often based on hydrosta-
tic dynamical core; convective clouds typically represented using embedded
single-column or vertical-slab models (although large-scale stratiform clouds
may be resolved).

It is worth mentioning that contemporary NWP tools are situated right in the gap
between the cloud-resolving models and those representing clouds as subgrid-scale
processes (in the so-called ”grey zone”, see Dorrestijn et al., 2013), what poses
a major challenge for the formulation of cloud models for NWP. This gap is closely
related with the spatial resolution of the 3D models, and their ability or inabi-
lity to represent air dynamics on spatiotemporal scales on which cloud processes
happen. This gap also separates models that treat cloud microphysics in prognostic
and diagnostic ways. The larger-scale models (e.g. global) diagnose the cloud micro-
structure from such macroscopic quantities as the total water content in a column
of air. The smaller-scale models (e.g. up to 100 km×100 km domain) typically
include prognosis of cloud microstructure.

Simulations presented in papers A.1, A.2 and A.3 were carried using a 0D parcel
model, a 3D cloud-resolving model and a 2D kinematic framework, respectively.
All feature detailed treatment of cloud microphysics.
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2.2. Selected approaches for representation of size spectra

Regardless of the employed modelling framework, if a model does cover prognosis
of cloud microstructure, several approaches for representing size spectrum of partic-
les may be used. These approaches differ in the way the aerosol, the cloud droplet
and the rain drop size spectra evolution is represented in the model, and include
(see also Jacobson, 2005, section 13.5):
— bulk approach in which the model state is defined through integrals

(statisticalmoments) of the particle size spectrum (e.g., concentration or mass);
— bin or Eulerian-in-size approach in which the size spectrum of particles

is gridded into bins of fixed location in the particle size space;
— Lagrangian-in-size approach in which the grid over which the initial size spec-

trum was discretised evolves in time by following the growth and evaporation
of particles.

The bulk and bin approaches generally feature categorisation of particles into aero-
sol, cloud droplets and rain drops (i.e., separate variables for cloud water content
and rain water content in a bulk scheme, separate spectra for aerosol and cloud
particles in a bin scheme). This categorisation is then used to selectively apply
different processes to different categories of particles (e.g., sedimentation applied
to rain water but not to cloud water). Promotion of particles from one category
to another is not governed by the same mechanism as evolution of sizes of partic-
les within one category (e.g., parameterised activation of CCN vs. condensational
growth in a bin scheme).

On the contrary, models formulated using the Lagrangian-in-size approach ge-
nerally treat all particles in the same way leaving the categorisation to be done
at the stage of result analysis. On one hand, this simplifies model formulation
(e.g., CCN activation and drop growth are formulated as one process). On the other
hand, such approach imposes more constraints on the model spatial and tempo-
ral resolution. The Lagrangian-in-size approach is the focus of all three papers
in the appendix. When coupled with a Lagrangian-in-space particle-tracking frame-
work it leads to a particle-based formulation of cloud microphysics (focus of pa-
pers A.2 and A.3).

2.3. Selected approaches for representation of warm rain

The way the drop size spectrum is represented in a model (i.e., bulk, bin or La-
grangian approach) determines the range of cloud processes that may be represen-
ted, and the way their representation may be formulated. In what follows, the list
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of processes associated with warm-rain formation outlined in section 1.2 is confronted
with possibilities and limitations of size-spectrum representation approaches listed
in section 2.2 above.

CCN activation (focus of paper A.1) is the primary mechanism through which
aerosol influences cloud microstructure. Properties of aerosol affect the size and
concentration of cloud droplets, and to a good approximation do not affect the total
mass of condensed water. Consequently, the so-called single-moment bulk approach,
that describes only the total mass of water in a given volume, is unfit for simulating
aerosol-cloud interactions (see A.3, sect. 3). Double-moment bulk approach au-
gments the available information on the size spectrum with the total number of cloud
droplets (see A.3, sect. 4). This gives a minimal set-up for including CCN activation
within the model formulation. Both double-moment and bin models generally pa-
rameterise CCN activation, that is they do not resolve the process itself, but rather
infer its outcome from a a set of assumptions on the aerosol spectrum and the pre-
dicted supersaturation. Lagrangian-in-size models generally resolve CCN activation
by subjecting both aerosol particles and cloud droplets to condensational growth.
Consequently, such formulation covers also CCN deactivation (evaporation back
to the size of aerosol), what makes the Lagrangian-in-size approach well suited for
studies on aerosol processing by clouds. Finally, it is worth noting that CCN ac-
tivation is a fast (sub-second timescales) and highly localised (maximum updraught
locations) process imposing the strictest requirements among all warm-rain related
processes on both spatial and temporal resolutions.

The rate of condensational growth or evaporation of droplets is influenced by
the particle size spectrum shape in a range of ways. It is dependant on the total
surface area of all particles, on their surface curvature, and on their chemical com-
position. Ventilation enhances it and has the most pronounced effect for large rain
drops evaporating while falling trough subsaturated air below the cloud. The lar-
ger the rain drops, the larger their terminal velocity (balance between gravity
and air drag) and hence the more effective ventilation. The more detailed the
description of size spectrum, the better these effects may be resolved. In bulk mo-
dels it is often assumed that phase changes happen instantaneously, and only the
ventilation of rain is represented (using an assumed rain drop size spectrum shape).
Eulerian-in-size and Lagrangian-in-size descriptions of the spectrum evolution differ
primarily in the presence and lack, respectively, of the numerical diffusion issue
when calculating condensation and evaporation (i.e., numerically integrating the
advection equation of transport of liquid water through the particle size spectrum).
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Collisional growth of particles is particularly difficult to represent without
detailed information on the size spectrum shape. This is due to the particle collision
probability being strongly dependant on their concentration within a given volume,
and on the sizes of particles. Using a single-moment bulk description of the spectrum
(bearing no information on concentration or sizes of particles) one has no choice
but to rely on simplistic (yet insightful) phenomenological formulations, a seminal
example being the Kessler scheme discussed in section 3.1.3 in A.3, or to assume
the values of other moments of the spectrum. A double-moment bulk description
gives a minimal set of parameters needed to represent the dependence of the proba-
bility of rain initiation on the spectrum shape. Such representation can take form
of fits to results from simulations actually solving the evolution of the size spec-
trum due to particle collisions. An example algorithm for solving the size spectrum
evolution due to particle collisions using the Lagrangian-in-size spectrum represen-
tation is discussed in section 5.1.4 in A.3. It is based on the Monte-Carlo approach
and is characterised by lack of numerical diffusion.
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. . . all the tools of thought of any of us have developed in so-
cial surroundings, and in the construction of any of them, such
as language in general, or logic or arithmetic or other forms
of mathematics in particular, many people have made mutually
dependent contributions. There is therefore no doubt that in ar-
riving at their present form the social factor has as a matter
of fact been decisive. This is by many felt to be so important that
the public nature of science is often made a matter of definition.1

Percy Williams Bridgman2, 1940

1 One of the opening sentences of an article entitled ”Science: Public or Private?” published
in Philosophy of Science (Vol. 7, No. 1) in 1940 (http://jstor.org/stable/184459).

2 Percy W. Bridgman (1882–1961) is known best for his research in high-pressure physics.
He has also contributed to the philosophy of science as well as to thermodynamics, the latter
being the reason for citations to his works popping up in cloud physics textbooks. Bridgman
was one of the eleven signatories to the Russell-Einstein Manifesto (see http://nobelprize.org/
nobel_prizes/peace/laureates/1995/). As its nine other signatories he was a Nobel Prize
laureate (Polish physicist Leopold Infeld being the only one not to receive it among them).
See http://nobelprize.org/nobel_prizes/physics/laureates/1946/.

http://jstor.org/stable/184459
http://nobelprize.org/nobel_prizes/peace/laureates/1995/
http://nobelprize.org/nobel_prizes/peace/laureates/1995/
http://nobelprize.org/nobel_prizes/physics/laureates/1946/


Chapter 3

Model implementation

3.1. A set of four desired software qualities

Software auditability and simulation result reproducibility are becoming
a prerequisite in computational geoscience. This is not only by virtue of being
inherent to the public nature of science, but also due to the mundane necessity
of compliance with the requirements progressively imposed by scientific journals
and funding agencies (see Stodden et al., 2013, for an overview of current policies).
It is striking that neither auditability nor reproducibility were a part of common
practice in computational science in the preceding decades. This led to what is seen
from outside the domain as a ”credibility crisis” (LeVeque et al., 2012).

Two other software qualities crucial for computational science are runtime per-
formance and code maintainability which determine how quickly the job is done
by the machines and the researchers, respectively. Lack of maintainability is often
a result of accumulation of ”technical debt” (i.e. the ”trade-off between writing clean
code at higher cost and delayed delivery, and writing messy code cheap and fast at the
cost of higher maintenance efforts”, Buschmann, 2011).

The following sections discuss selected aspects of model implementation work-
flow: programming language choice, library-based code reuse, software licensing
and dissemination. The aim is to advocate the design- and the procedural choices
in software development projects described in papers A.1 and A.3, and to under-
line that model implementation constitutes an inseparable element of modern cloud
modelling.

3.2. Programming language choice

Programming language choice is one of the first decisions one has to make in a so-
ftware project, and a particularly fateful decision. It determines the availability
of tools (compilers, build automators, debuggers), availability of pre-existing code
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to reuse (libraries) or refactor (legacy codes), and last but not least, the availability
of trained personnel. There is certainly no single best choice.

Some choices, however, are precluded by the prerequisite of auditability and re-
producibility, namely the proprietary languages (e.g., IDL1, Matlab2, vendor-specific
Fortran extensions, or the CUDA3 platform, all being used within cloud modelling).
Employment of closed standards limits the group of potential code reviewers and pro-
gram users to those in possession of costly licenses or hardware of a specific vendor.
It leaves the programmer with no control over their program lifetime, as the vendors
are in sole position of resigning from backwards compatibility or discontinuation
of a product. Vendor lock-in is also particularly unfortunate situation in context
of researchers’ mobility, with a change of employer possibly cutting one off from
access to one’s own creations. Finally, dependence on non-free tools may place a
programmer in a particularly odd situation in which she or he lacks the freedom
to modify (fix) the behaviour of some piece of software, regardless of having know-
ledge how to do it.

Among the non-proprietary languages that pop up in cloud modelling, there
are (in chronological order): Fortran, C++ and Python. Over the years, For-
tran has become a paragon of both unrivalled performance and clumsy syntax.
C++ has the reputation of ”one of the most difficult languages to learn and handle”4.
Python in turn had long been considered as lagging far behind the others in terms
of performance. There is certainly a lot of truth in these opinions, but also a lot
of simplification. Arguably, these are the context in which a language is used, and the
way it is used that define its applicability. A case study comparing modern Fortran,
C++ and Python, employing object-oriented programming (OOP) for implementa-
tion of an algorithm of applicability in cloud modelling has recently been presented
by Arabas et al. (2013). The study has shown that none of the above-mentioned
stereotypes are true in the considered context. All three languages (coupled with
high-performance libraries in case of C++ and Python), proved to be capable of ap-
plying object-oriented programming to concisely represent mathematical abstrac-
tions within the source code. It is precisely the support for object-oriented pro-
gramming paradigm that proved to be a crucial language feature. A similar
conclusion is drawn from the experience gained from implementation of software di-
scussed in papers A.1 and A.3. For discussion of applicability of OOP for scientific
software development in general, the reader is referred to Rouson et al. (2011).

1 http://exelisvis.com/ (Exelis Visual Information Solutions)
2 http://mathworks.com/ (The MathWorks, Inc.)
3 http://nvidia.com/ (NVIDIA Corporation)
4 http://britannica.com/ (Encyclopædia Britannica)

http://exelisvis.com/
http://mathworks.com/
http://nvidia.com/
http://britannica.com/
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C++ language has been chosen for development of software discussed in papers
A.1 and A.3. While Fortran had been the language of choice in cloud modelling in the
past years, the choice of C++ has recently been reported by some other cloud model-
ling groups as well (Horn, 2012; Schalkwijk et al., 2012). Apparently, code rewrites
to handle Graphics Processing Units (GPUs, see discussion below) are a common
occasion for switching to C++. Here, the choice was motivated more generally
by the availability of C++ libraries of particular applicability in cloud modelling
(including a GPU-related library). These libraries are discussed in the following
section.

3.3. Library-based code reuse

Delegating as much of the program logic as possible to libraries enhances
code brevity (and hence maintainability and auditability) and code portabi-
lity (a prerequisite for auditability). Furthermore, one may expect improved per-
formance and robustness due to the library authors’ being likely more experien-
ced in a given subject, and the library code being tested by more users than
hand-crafted implementations. Library-based code reuse is virtually the only practi-
cal way of standardising data storage formats and communication protocols. In con-
text of cloud modelling, examples of such libraries are the netCDF file format and
the Message Passing Interface (MPI) implementations, both available as C++ libra-
ries with object-oriented interfaces (through netcdf-cxx45 and Boost.MPI6 libraries,
respectively). The Boost.units7 and Thrust8 C++ libraries used in implementing
the cloud models described in papers A.1 and A.3 are examples of libraries that,
to the authors’ knowledge, do not have counterparts in other languages, and that
provide a significant added value in context of cloud modelling.

The Boost.units library provides a mechanism for zero-overhead dimensional
analysis of code during compilation. When using Boost.units library, all physically
meaningful expressions in the code are checked for unit correctness. The mechanism
incurs no runtime performance loss. Besides being an aid in preventing typo-like
bugs, it provides a mechanism for verifying the model formulation. It improves code
readability (and hence auditability and maintainability) by providing the reader with
information on physical units of variables, function arguments and return values.
The code described in paper A.1 and A.3 were both built upon Boost.units.

5 http://unidata.ucar.edu/software/netcdf/docs/cxx4 (netCDF-4 C++ interface)
6 http://boost.org/libs/mpi/ (Boost.MPI library)
7 http://boost.org/libs/units/ (Boost.Units library)
8 http://thrust.github.com/ (Thrust library)

http://unidata.ucar.edu/software/netcdf/docs/cxx4
http://boost.org/libs/mpi/
http://boost.org/libs/units/
http://thrust.github.com/
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The Thrust library served as a basis for implementation of the particle-based
microphysics scheme discussed in A.3. It is used there to provide two kinds of abs-
tractions. First, implementing the algorithm using calls to Thrust routines resulted
in hiding the concurrency logic. Second, Thrust constitutes an abstraction
layer over the hardware. It allows to use unchanged code for compilation for both
the classic multi-core or multi-CPU architectures, as well as for the recently introdu-
ced general-purpose GPU hardware. GPUs were originally developed for the com-
puter gaming industry, but were later marketed also for scientific computing. They
provide ordinary desktop or laptop computers with the power of ten-year-old super-
computers at minimal additional cost, but they generally require the code to be de-
signed specifically for use on GPUs. As exemplified in context of cloud modelling in
paper A.3 (section 6), Thrust allows to achieve an order-of-magnitude speedup when
switching from serial computations to a GPU setup, executing exactly the same so-
urce code. Employing Thrust (or an analogous solutions) is also an example of a way
to circumvent the proprietary software and hardware dependency issue. It allows
to leverage the power of hardware and software of a particular vendor (the CUDA
platform in this case), maintaining the possibility to run the same code on virtually
any environment (e.g., through the use of the OpenMP backend as shown in A.3).

Finally, having in mind the complexity of cloud modelling software and the need
for maintainability, it is justified to advocate structuring of cloud model implementa-
tions itself as libraries. The eponymous libcloudph++ from paper A.3 is an example
of such approach.

3.4. Software licensing and dissemination

Research reproducibility requires free access to the tools used and develo-
ped by scientists. Auditability requires openness of the developed code. Pro-
gress in research is impeded if one is not free from legal obstacles to carry
on the code development from where the program authors left off. These ideas
are somehow specific to software development, but also in accord with the postu-
lates of open science, public data accessibility and open-access publishing (Willinsky,
2005).
It is worth noting that there exist an interdependence of open science and free
software. Free software constitutes a significant part of indispensable tools scientists
use daily (think of Linux, LATEX, GNU compilers, file format libraries, data visu-
alisation software, etc). Scientists, in turn, play an important role within the free
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software developers’ community, what provides an efficient mechanism for knowledge
and technology transfer to the society and industry.

However, licensing codes developed by cloud modellers as free/libre/open-source
software is still not a prevailing practice. The software used for simulations discussed
in paper A.2 is not free nor publicly accessible, and the study is thus an example
of an effectively irreproducible research (sic!). This was one of the motivations
for development of the library described in paper A.3. This is also a good example
showing that cloud modelling is not free from patent restrictions. The employed
particle-based scheme’s formulation is inspired by a technique covered by several
patents including a European one (EP1847939A2). Interestingly, the article 52
of the European Patent Convention states that programs for computers along with
scientific theories and mathematical methods shall not be regarded as patentable
inventions9 (what is not necessarily the case outside EU). For discussion of the le-
gislative situation of free and open-source software in different countries around the
world (including Poland), the reader is referred to Brande et al. (2011).

One of the licenses used in cloud modelling is the GNU General Public Li-
cense10 (GPL), under which all software described in papers A.1 and A.3 is released.
It is worth noting that while the GPL does ensure software freedom, it does not
define any rules regarding attribution of work in form of citations within scientific
publications.

The final element of software development workflow is software dissemination.
There are several aspects of it specific to scientific software, and cloud modelling
software as well. First, the users and developers of cloud model implementations are
often the very same people. Consequently, the technical means for software dissemi-
nation should best include handling of users’ feedback in form of code modifications.
Simulation result reproducibility imposes also the need for offering ways to identify
and access past versions of the code. All this is offered by design by the distributed
revision control systems such as git11 which has been used for handling development
and dissemination of libcloudph++.

9 http://epo.org/law-practice/legal-texts/html/epc/2010/e/ar52.html
(European Patent Convention, Article 52: ”Patentable inventions”)

10 http://gnu.org/licenses/ (GNU Free Software Licenses)
11 http://git-scm.org/ (Git distributed version control system)

http://epo.org/law-practice/legal-texts/html/epc/2010/e/ar52.html
http://gnu.org/licenses/
http://git-scm.org/
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Since the initial data on which a weather prediction is to be ba-
sed must, to be adequate, include the water-content of the clouds;
and since observations of this are scanty, it will be well to survey
what can be done in this respect.

A method for measuring the diameter of the cloud-droplets
is also needed.12

Lewis Fry Richardson13, 1919

12 Opening and closing sentences of the article ”Measurement of Water in Clouds”
(Proc. Royal. Soc. Lond. A, 96(674), 1919, http://jstor.org/stable/93769)

13 Lewis Fry Richardson (1881–1953) was an English scientist best known in cloud modelling
for his pioneering work on numerical weather prediction and turbulence.

http://jstor.org/stable/93769


Chapter 4

Model validation

4.1. The challenges

It is striking that almost one hundred years after Richardson pointed out the pro-
blem, weather modellers still complain on the sparsity of observational data, in parti-
cular on the sizes of cloud droplets (Warner, 2011, sect. 4.2.3, interested reader is also
referred to this book for information on validation of weather and climate models).
This is, on one hand, caused by the challenges the multi-scale and multi-disciplinary
nature of cloud processes poses to the measurements. Measuring themicrostructure
of clouds often requires the instruments to be airborne (see the book of Wendisch
and Brenguier, 2013, for a review). Spaceborn instruments, in turn, are often the
only source of comprehensive measurements on cloud macrostructure; the A-Train
satellite constellation providing an unprecedented example (see Stephens et al.,
2002). On the other hand, the ever increasing level of detail in models continu-
ously rises the expectations towards the measurements. For instance, validation
of simulations involving aerosol-cloud interactions require data not only on the sizes
of cloud droplets, but also on the physicochemical properties of aerosol particles.

Finally, a major issue in both the observations and simulations of clouds
is the single-realisation limitation. It is generally not the aim of cloud modelling
to reproduce a single particular cloud, yet the simulation output generally represents
a single realisation of the modelled process. It is generally never possible to repeat
a measurement on a single particular cloud, yet one is often left with no option but
to treat the available observations as representative.

4.2. Field campaign inspired model intercomparisons

Several of the above challenges have been addressed with model intercomparison
studies associated with intensive measurement campaigns. A series of such studies
has been carried out for over twenty years under the auspices of the World Cli-
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mate Research Programme through the Global Energy and Water Cycle Experiment
(GEWEX1) project (see Randall et al., 2003). One of these studies was inspired
by the Rain in Cumulus over the Ocean (RICO) field project organised in 2004/05 by
Rauber et al. (2007) in the Caribbean. The campaign involved simultaneous opera-
tion of multiple instrumented aircraft, research vessels, ground-based and spaceborne
remote sensing platforms. Observations from RICO served as a basis for defini-
tion of a benchmark model setup covering initial and boundary conditions for both
single-column and cloud-resolving models2. It served as basis for the simulations
presented in paper A.2 that were compared there with observations from the RICO
project. Thanks to employment of the particle-based technique mentioned in sec-
tion 2.2, the validation of results against observations could include a wide range
of cloud and rain microphysical parameters. Examples of these parameters include
domain-wide (6.4 km×6.4 km) height-resolved statistics of the cloud droplet effective
radius and droplet spectral width, and statistics of the below-cloud size spectra of
rain drops. These data were compared in paper A.2 against observations carried
out during the RICO field project onboard instrumented aircraft using optical cloud
droplet and rain drop spectrometers. The cloud droplet size spectrum data were
compared against the observational data presented in Arabas et al. (2009).

Description of a very recent field-campaign-inspired model intercomparison may
be found in Dussen et al. (2013). The aims of such model intercomparison stu-
dies include stimulation of ”transfer of knowledge” (i.e. both model formulation
and code) across different research teams but also across models of different com-
plexity. Simulations of small-scale processes with parcel models are used to derive
parameterisations for use in cloud-resolving models. Cloud-resolving model results,
in turn, are used to develop parameterisations for weather and climate prediction
systems. It is worth noting that these are often the results of numerical experi-
ments that are treated as ”observations” to validate other models. Interestingly,
the differences in predictions from models of different formulations or implementa-
tions are interpreted as a measure of the level of scientific understanding of a given
cloud process.

1 http://gewex.org (The GEWEX Project)
2 http://knmi.nl/samenw/rico/

(GEWEX Cloud System Study Precipitating Shallow Cumulus Case 1)

http://gewex.org
http://knmi.nl/samenw/rico/


References 33

References

Books

Warner, T. (2011). Numerical Weather and Climate Prediction. Cambridge Univ.
Press. isbn: 978-0521513890.

Wendisch, M. and J.-L. Brenguier, eds. (2013). Airborne Measurements for Environ-
mental Research: Methods and Instruments. Wiley-VCH. isbn: 978-3527409969.

Articles

Arabas, S., H. Pawlowska, and W. Grabowski (2009). Effective radius and droplet
spectral width from in-situ aircraft observations in trade-wind cumuli during
RICO. Geosci. Res. Lett. 36, p. L11803. doi: 10.1029/2009GL038257.

Dussen, J. J. van der, S. R. de Roode, A. S. Ackerman, P. N. Blossey, C. S. Brether-
ton, M. J. Kurowski, A. P. Lock, R. A. J. Neggers, I. Sandu, and A. P. Siebe-
sma (2013). The GASS/EUCLIPSE model intercomparison of the stratocumulus
transition as observed during ASTEX: LES results. J. Adv. Model. Earth Sys.
doi: 10.1002/jame.20033.

Randall, D., S. Krueger, C. Bretherton, J. Curry, P. Duynkerke, M. Moncrieff, B.
Ryan, D. Starr, M. Miller, W. Rossow, G. Tselioudis, and B. Wielicki (2003).
Confronting Models with Data: The GEWEX Cloud Systems Study. Bull. Am.
Meteorol. Soc. 84, pp. 455–469. doi: 10.1175/BAMS-84-4-455.

Rauber, R., H. T. Ochs, L. Di Girolamo, S. Göke, E. Snodgrass, B. Stevens, C.
Knight, J. B. Jensen, D. H. Lenschow, R. A. Rilling, D. C. Rogers, J. L. Stith,
B. A. Albrecht, P. Zuidema, A. M. Blyth, C. W. Fairall, W. A. Brewer, S. Tucker,
S. G. Lasher-Trapp, O. L. Mayol-Bracero, G. Vali, B. Geerts, J. R. Anderson,
B. A. Baker, R. P. Lawson, A. R. Bandy, D. C. Thornton, E. Burnet, J.-L.
Brenguier, L. Gomes, P. R. A. Brown, P. Chuang, W. R. Cotton, H. Gerber, B. G.
Heikes, J. G. Hudson, P. Kollias, S. K. Krueger, L. Nuijens, D. W. O’Sullivan,
A. P. Siebesma, and C. H. Twohy (2007). Rain in Shallow Cumulus Over the
Ocean: The RICO Campaign. Bull. Amer. Meteor. Soc. 88, pp. 1912–1928. doi:
10.1175/BAMS-88-12-1912.

Stephens, G., D. Vane, R. Boain, G. Mace, K. Sassen, Z. Wang, A. Illingworth, E.
O’Connor, W. Rossow, S. Durden, S. Miller, R. Austin, A. Benedetti, C. Mitre-
scu, and CloudSat Science Team (2002). The CloudSat Mission and the A-Train.
A New Dimension of Space-Based Observations of Clouds and Precipitation.
Bull. Am. Meteorol. Soc. Pp. 1771–1790. doi: 10.1175/BAMS-83-12-1771.

http://dx.doi.org/10.1029/2009GL038257
http://dx.doi.org/10.1002/jame.20033
http://dx.doi.org/10.1175/BAMS-84-4-455
http://dx.doi.org/10.1175/BAMS-88-12-1912
http://dx.doi.org/10.1175/BAMS-83-12-1771


Rain clouds are not particularly common in programs3

Bjarne Stroustrup4, 1997

3 A comment from discussion of an example of object-oriented structure of ”a simulation
involving meteorological phenomena” in the book entitled ”The C++ Programming Language”
(3rd ed., 1997, Sect. 23.4.2)

4 Bjarne Stroustrup (born 1950) is a Danish/American computer scientist best known for the
creation and the development of the C++ programming language. He was awarded the Grace
Murray Hopper award ”for his early work laying the foundations for the C++ programming langu-
age. Based on the foundations and Dr. Stroustrup’s continuing efforts, C++ has become one of the
most influential programming languages in the history of computing” (http://awards.acm.org/).

http://awards.acm.org/
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Summary and outlook

Cloud modelling is a narrow niche. Numerical modelling of cloud microphysics
that was the focus of this work, is researched nowadays by a handful of teams aro-
und the world. The challenges faced by the cloud modellers span all of the elements
of modern cloud modelling discussed in the preceding chapters. Cloud processes are
multi-scale and multi-disciplinary in nature. Formulation of cloud models covers
all elements of mathematical modelling from analytical through numerical to obse-
rvational models. Implementation of these models brings in the challenge of blending
science with software engineering, maintaining adherence to the principles of rese-
arch auditability and result reproducibility. Finally, the implemented models need
to be confronted with the state-of-the-art cloud observations. The three papers
presented in the appendix provide tiny contributions to each of these aspects.

The topic linking all three presented papers is the representation of aerosol-cloud
interaction within numerical cloud models. This topic has received particular atten-
tion in the recent years due to the difficulties in assessing the role these interactions
play in shaping the Earth’s climate. The papers presented in the appendix highlight
the use of particle-based technique and the Monte-Carlo approach for simulating clo-
uds. In the author’s opinion, the salient features of these methods, notably the suita-
bility for studies on aerosol-cloud (and cloud-aerosol) interactions, and the efficient
and diffusive-error-free condensational and collisional growth schemes, make them
worth pursuing.

The software-engineering aspect highlighted in this work had been arguably often
disavowed in cloud modelling literature. In the author’s opinion, it deserves and will
likely gain a wider visibility due to the ineluctable need for improved auditability
and reproducibility in computational science. Free (i.e., gratis and libre) software
shall play a pivotal role here as an inseparable element of modern cloud modelling.
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Abstract. The process of formation of cloud droplets on
an ensemble of aerosol particles is modelled by numerous
investigators using the method of lines (MOL). The method
involves discretisation of the aerosol size spectrum into bins
whose positions evolve with time. One of the drawbacks of
the method is its poor representation of the aerosol spectrum
shape in the region between the unactivated aerosol mode
and the activated droplet mode. An adaptive grid refinement
procedure is introduced. The procedure splits any overly
wide bins into several narrower ones during integration.
The number of new bins added is a function of particle
concentration in the bin being split. Application of the grid
refinement procedure results in suppression of the sensitivity
of the computed cloud droplet spectrum characteristics such
as droplet number concentration or effective radius to the
initial grid choice. A model of droplet formation on multi-
component aerosol is formulated for the purpose of the study.
Model formulation includes explicit treatment of the droplet
temperature evolution. Several examples of the model set-
up are used to demonstrate model capabilities. Model
results are compared to those without adaptivity. A C++
implementation of the model is available as an electronic
supplement of the paper.

1 Introduction

Cloud droplets form on cloud condensation nuclei, CCN
(Aitken, 1880, and the works of his contemporaries).
CCN are the atmospheric aerosol that contribute to the
heterogeneous nucleation of the water vapour. As a result,

Correspondence to:S. Arabas
(sarabas@igf.fuw.edu.pl)

the microphysical properties of clouds (i.e. the size spectrum
of droplets) strongly depend on physicochemical properties
of aerosol particles (see e.g., the review ofMcFiggans et al.,
2006).

Owing to the fact that the radiative properties of clouds
and their ability to precipitate are both dependant on
characteristics of the size spectrum of droplets (see e.g., the
review ofStevens and Feingold, 2009), the description of the
activation process is of importance to the studies on aerosol-
cloud-climate interactions (e.g.,Kulmala et al., 2009a,b).

Aerosol growth by condensation of water vapour is
conceptualised as a twofold diffusion process. First, there
is the diffusion of water molecules towards the particle, and
the condensation of water vapour on the particle surface.
Concurrently, the latent-heat release triggers the diffusion
of heat from the particle, hence the system is akin to
the wet-bulb thermometer described byMaxwell (1878).
The chemical composition of the growing particle and its
curvature determine the vapour pressure over its surface
(Köhler, 1936, and his earlier works), and hence influence
the pace of the diffusion process. Additional complexities
are introduced when considering an ensemble of particles
of different sizes (Howell, 1949; Kraus and Smith, 1949),
with different shapes and soluble material content (Kornfeld,
1970), nuclei of different solubility (Fitzgerald, 1974), and
finally nuclei composed of different chemical species (Lee
and Pruppacher, 1977) all competing simultaneously for the
available water vapour. Yet another level of detail is reached
when considering the feedback with the dynamics of the
air (turbulence, entrainment and mixing), the interactions
between the individual droplets (i.e. collision/coalescence) or
more sophisticated description of cloud chemistry, all being
however distant from the scope of this study. Numerical
solutions of the problem had been repeatedly challenged
using the fastest computers in the early years of electronic

Published by Copernicus Publications on behalf of the European Geosciences Union.
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16 S. Arabas and H. Pawlowska: Adaptive method of lines for CCN activation

computing, starting with the studies ofMordy (1959)
performed using the Swedish BESK computer, and the study
of Neiburger and Chien(1960) carried out on the American
SWAC.

The key complexity of the problem, from the math-
ematical standpoint, is the necessity to solve the partial
differential equation describing the evolution of aerosol size
spectrum. Analytical solutions to the problem (or semi-
analytical estimates) can be derived only under significant
approximations (see e.g.,Squires, 1952; Twomey, 1959;
Johnson, 1981; Gelbard, 1990; Khvorostyanov and Curry,
2009, and references therein). Numerical solutions based on
finite-difference approach using a fixed-grid representation
of the size spectrum may be used (also called Eulerian
or fixed-bin approaches). Such methods are characterised
by computational difficulties, and the complexity of the
description of chemical properties of aerosol (see e.g.,
Chap. 5 inWilliams and Loyalka, 1991).

The partial differential equation may be reduced to
a system of ordinary differential equations (ODE) by spatial
discretisation of the initial size spectrum into sections
with constant-in-time number of particles. The boundaries
of these sections are then allowed to evolve with time,
hence the name moving-sectional technique/Lagrangian
approach/full-moving structure (Jacobson, 1999, Sect. 14.5
therein) or method of characteristics (Gelbard, 1990), or
method of lines (Debry et al., 2007). This approach was
introduced byHowell (1949), and has since been used in
modelling CCN activation (e.g.,Mordy, 1959; Neiburger
and Chien, 1960; Fitzgerald, 1974; Hänel, 1987; Feingold
and Heymsfield, 1992; Nenes et al., 2001b; Grabowski
et al., 2010). Such formulation of the model eliminates the
computational difficulties inherent to numerical treatment of
partial differential equations, and allows accurate description
of the evolution of aerosol composition because particle
properties such as mass of solute are retained throughout the
computation.

The moving-sectional technique does pose computational
difficulties because of the ODE system stiffness (see e.g.,
the discussion byGelbard, 1990). The physical process
of competition for the water vapour between particles of
different sizes and chemical composition can be correctly
resolved in a numerical solution only under sufficiently
short time-steps. The approximations inherent to the
bin-representation of the aerosol size spectrum introduce
significant uncertainties to the solution if low-resolution
discretisation is used (Korhonen et al., 2005). The
issues of stiffness of the system and of appropriate time-
step choice are addressed herein by using an adaptive
Gear-type ODE solver. The issue of sensitivity of the
results to the bin-number choice, being one of the factors
causing discrepancies among results of different models
(Kreidenweis et al., 2003) is the very focus of this study. The
problem is tackled by introducing an adaptive size-spectrum
discretisation refinement. The resultant solution procedure is

analogous to what is referred to as the adaptive method of
lines (e.g.Wouwer et al., 2001).

The following section of the paper covers model formula-
tion and implementation. Sample results are discussed in the
third section. First, a set of model runs without adaptivity
is discussed revealing the sensibility of the results to
parameters controlling the discretisation of the initial aerosol
size spectrum (Sects.3.1and3.2). Second, the properties and
efficacy of the adaptive size-spectrum discretisation method
are presented (Sect.3.3). The fourth section concludes the
paper with a brief outlook on the possible applications of the
discussed method within different domains of atmospheric
research.

2 Model formulation and implementation

The model provides a description of the droplet formation
process at the initial stage of cloud-formation triggered
by vertical air motion (i.e. in convective or orographic
clouds). The model utilises the method of lines (MOL)
for numerically solving the so-called dynamic equation of
aerosol growth by condensation. A list of symbols used in
the text is given in AppendixA.

2.1 Air-parcel system and its governing equations

The model describes an air parcel with the temperature
T , pressurep, and specific humidityqv being vertically
displaced with constant velocityw. The parcel does not
exchange heat or mass with the environment and hence
its heat budget (neglecting terms related to mass and heat
content of the particles) is expressed as:

cp (qv)dT =
R(qv)T

p
dp− lv(T )dqv (1)

wherelv is the latent heat of evaporation,cp(qv) = cpvqv +

cpd(1−qv) is the specific heat capacity at constant pressure
of moist air, andR(qv) = Rvqv + Rd(1−qv) is the gas
constant of moist air.Rv and Rd depict gas constants for
water vapour and dry air, respectively;cpv and cpd depict
specific heat capacities at constant pressure for water vapour
and dry air, respectively.

The parcel’s pressure adapts instantaneously to the envi-
ronmental value defined through the hydrostatic equilibrium.
It follows that the pressure changes are driven by the vertical
velocity of the parcel:

dp

dt
= −

pg

R(qv)T
w (2)

whereg is the gravitational acceleration.
Physical characteristics of the aerosol suspended in the

parcel are described by a set of probability density functions
(PDFs) defining the size spectra of dry aerosol, each PDF
corresponding to different chemical composition. The dry
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spectran[c]
d (rd) are invariant with time, and are defined as

a function of dry radiusrd, separately for each chemical
componentc. Each dry spectrum has a corresponding wet
spectrumn

[c]
w (rw,t) defined analogously but varying with

time. Bothn
[c]
d andn

[c]
w are expressed in terms of particle

number per unit mass of moist air, and are referred to
as specific concentrations. The total mass of particles is
assumed to be proportional to the third moment of the
wet PDFs (i.e. neglecting the contribution from soluble
substance):

〈r3
w〉 =

∑
c

1

N [c]

∞∫
0

n[c]
w (rw,t) r3

wdrw (3)

whereN [c]
=

∫
∞

0 n
[c]
w drw is the total specific concentration

for a given chemical component. For each wet spectrum
a corresponding particle temperature fieldT

[c]
w (rw,t) is also

introduced.
Water is considered to be present in liquid and vapour

phases only. The diffusion of both water vapour and heat
around the particles is treated assuming stationary state
with time-varying boundary conditions what results in the
following form of the Fick’s first law and Fourier’s law (cf.
e.g., Chap. 7 inRogers and Yau, 1989):

dM

dt

1

4πr2
w

=
D

rw

(
ρv − ρv|particle surface

)
(4)

dQ

dt

1

4πr2
w

=
K

rw
(T −Tw) (5)

whereM = 4πr3
wρl/3 is the mass of a particle of densityρl ,

ρv is the density of water vapour in the parcel,D and K

are diffusion coefficients discussed below. The liquid water
densityρl is assumed constant. The two diffusion equations
are coupled via a heat budget equation:

dQ = McldTw − lv(Tw)dM (6)

wherecl is the specific heat capacity of liquid water.
Equations (4) and (5) evaluated with diffusion coefficients

D and K independent of particle size represent the so-
called continuum ŕegime in which the efficiency of diffusion
is limited solely by the diffusivity of water vapour in air.
Continuum ŕegime is applicable for particles of sizes larger
than the free path of water molecules in air (i.e.rw �

0.1 µm). Evolution of size of much smaller particles is
described using the molecular régime, and the transition
between the two régimes may be approximately allowed for
by introducing a particle radius-dependency to the diffusion
coefficient (Langmuir, 1944, discussion of Eq. 52 therein).
Here, we apply the transition régime correction factors of
Fuchs and Sutugin(1970) in the form suggested for cloud
modelling byLaaksonen et al.(2005):

D = D0
1+

λD

rw

1+1.71·
λD

rw
+1.33·

(
λD

rw

)2
(7)

K = K0
1+

λK

rw

1+1.71·
λK

rw
+1.33·

(
λK

rw

)2
(8)

whereD0 is the diffusivity of water vapour in air (assumed
constant),K0 is the thermal conductivity of air (assumed
constant),λD is the mean free path of water vapour in air,
and λK is a length scale for heat transfer in air (the ratio
of a mean free path to a characteristic length is called the
Knudsen number). The two last are defined as:

λD = 2D0(2RvTw)−1/2 (9)

λK =
4

5
K0

T

p
(2RdT )−1/2 (10)

(Williams and Loyalka, 1991, Eqs. 6.6 and 6.33 therein).
The condensation/evaporation of water on/from the

aerosol is the only source of changes in specific humidity
qv and thus:

dqv

dt
= −(1−qv)

4πρl

3

d

dt

[
〈r3

w〉

∑
c

N [c]

]
(11)

where the(1− qv) term stems from the employment of
specific quantities.

The density of water vapour at particle surface
ρv|particle surfacein Eq. (4) is assumed to be equal to the
equilibrium (saturation) value taking into account the
Gibbs-Kelvin and Raoult effects related to surface curvature
and composition, respectively (the so-called Köhler curve):

pvs= pv∞(Tw) ·a(rw,rd) ·exp

(
2σ

RvTwρl rw

)
(12)

wherepv∞ is the equilibrium vapour pressure over plane
surface of pure water,σ is the surface tension coefficient,
and the water activitya is parameterised in accordance with
experimental data using the single-parameter representation
of Petters and Kreidenweis(2007, Eq. 6 therein):

a(rw,rd) =
r3
w −r3

d

r3
w −r3

d ·
(
1−κ [c]

) (13)

where κ [c] is the single parameter representing chemical
composition in spectrumc. The dry aerosol is assumed to
be entirely soluble. A constant surface-tension coefficient
σ = 0.072 J m−2 is used (value for pure water at 298 K)
in accordance with the parameterisation ofPetters and
Kreidenweis(2007).

The specific heat capacities of dry aircpd, and water
vapour cpv are assumed constant (perfect gas), hence the
latent heat of evaporation is given by:

lv(T
′) = lv0+

(
cpv −cl

)
·
(
T ′

−T0
)

(14)
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and the equilibrium pressure over a plane surface of pure
water (solution of the Clausius-Clapeyron equation) is given
by:

pv∞

(
T ′

)
= p0 ·exp

 lv0−
(
cpv −cl

)
·T0

Rv ·

(
1
T0

−
1
T ′

)−1

(
T ′

T0

) cpv−cl
Rv

(15)

whereT0, p0 and lv0 correspond to the triple-point values,
andT ′ denotes here the temperature for which the formulæ
are evaluated. The specific heat capacity of liquid watercl is
assumed constant.

2.2 MOL’s ODE system

As outlined in the first section, the mathematical formulation
of the model constitutes a system of ODEs which approx-
imate the partial differential equation for describing the
evolution of aerosol size spectrum. This approach is based
on an approximation of the PDFs with piecewise constant
functions. Here, each bin (numbered byb) is defined by
a constant-in-time number of particlesN [c,b] (per unit mass
of air), and variable-in-time left and right boundariesr

[c,b]

wl (t)

andr
[c,b]
wr (t). The third moment of the particle size spectrum

is thus approximated using:

∞∫
0

n[c]
w r3

wdrw =

∑
b

N [c,b]

r
[c,b]
wr∫

r
[c,b]

wl

r3
w

r
[c,b]
wr −r

[c,b]

wl

drw (16)

This allows expressing the time derivative of the total mass
of wet aerosol without employing partial differentials using:

d

dt

[
〈r3

w〉

∑
c

N [c]

]
=

1

4

∑
b

∑
c

N [c,b]

·

[
γ

(
r [c,b]
wr ,r

[c,b]

wl

) dr
[c,b]
wr

dt
+γ

(
r
[c,b]

wl , r [c,b]
wr

) dr
[c,b]

wl

dt

]
(17)

where

γ (r0,r1) =

(
3r4

0 +r4
1 −4r3

0r1

)
·(r0−r1)

−2 (18)

stems from analytical differentiation of the integral in
Eq. (16) and introduces the dependence on bin widths into
Eq. (17). An assumption thatr [c,b]

wl < r
[c,b]
wr is inherent

in this formulation (cf. the discussion and a related proof
of particle ordering principle in Gelbard, 1990). The
same discretisation is applied to dry radiird, and particle
temperaturesTw introducingr

[c,b]

dl and r
[c,b]

dr , andT
[c,b]

wl (t)

and T
[c,b]
wr (t), respectively. The MOL is thus applied

to calculate the evolution ofrw(rd,t) and Tw(rd,t) by
discretising rd and letting t to be the only independent
variable.

If the size spectra are discretised into adjacent bins
thenT

[c,b]
wr = T

[c,b+1]

wl , r
[c,b]

dr = r
[c,b+1]

dl and r
[c,b]
wr = r

[c,b+1]

wl .
Consequently, the state vector of the model assuming
discretisation of the size-spectrum intoNb adjacent bins and
Nc chemical components consists of:

– Nc ·Nb constant concentrationsN [c,b]

– Nc ·(Nb +1) constant dry radiir [c,b]

dl

– Nc ·(Nb +1) variable wet radiir [c,b]

wl

– Nc ·(Nb +1) variable temperaturesT [c,b]

wl

– variablep, T andqv

While still constant from the standpoint of the ODE solver,
Nb, N [c,b] andr

[c,b]

dl change during the grid refinement, and

Nb becomesN [c]
b (cf. Sect.2.5).

The system of ODEs defines the derivatives of all the
variables with respect to time as:

d

dt



r
[c,b]

wl

T
[c,b]

wl

qv

p

T


︸ ︷︷ ︸

x

=



D(λD,rw)

ρlr
[c,b]

wl

[
pqv

R(qv)T
−

pvs

(
T

[c,b]

wl ,r
[c,b]

wl ,r
[c,b]

dl

)
RvT

[c,b]

wl

]

3
cl

[
dr

[c,b]

wl
dt

lv(T
[c,b]

wl )

r
[c,b]

wl

+
T −T

[c,b]

wl

r
[c,b]

wl
2

K(λK ,rw)
ρl

]

(qv −1)
πρl
3

∑
c

∑
b

N [c,b]
·

·

[
γ

[
r
[c,b]
wr ,r

[c,b]

wl

]
dr

[c,b]
wr
dt

+γ
[
r
[c,b]

wl ,r
[c,b]
wr

]
dr

[c,b]

wl
dt

]

−
pg

T R(qv)
w

1
cp(qv)

[
T R(qv)

p
dp
dt

− lv(T )
dqv
dt

]


︸ ︷︷ ︸

F(x,t)

(19)

The first equation for the rate of change of the wet radii
is the Fick’s law (Eq.4). The rate of change of particle
temperatures (second equation in the system) is obtained by
substitutingdQ defined in Eq. (6) into the Fourier’s law
(Eq. 5). The third equation in the system expressing the
time derivative of specific humidity in the parcel is obtained
by combining Eqs. (11) and (17). The last two equations
defining the rate of change of pressure and temperature in
the parcel correspond to Eqs. (2) and (1), respectively.

Particle growth is described here using separate equations
for particle-temperature and particle-radius evolution (see
e.g., Vesala et al., 1997), as opposed to a single explicit
equation (the so-called Maxwell-Mason equation,Howell,
1949; Tsuji, 1950; Mason, 1957). The Maxwell-Mason
approximation is available as an option in the program.
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2.3 Initial conditions

The initial dry-aerosol size spectra and their chemical
composition, initial temperature, pressure, humidity and the
vertical velocity profile are the key parameters for each
model run.

PDFs of tropospheric aerosol are generally well repre-
sented using a trimodal log-normal distribution (Whitby,
1978). The initial spectra of dry aerosol are thus defined for
each model run using (Williams and Loyalka, 1991, Eq. 1.22
therein):

n
[c]
d (rd)

=
1

ρ

∑
m

N
[c]
m

√
2π ln

(
σ

[c]
m

) 1

rd
exp

−

 ln
(

rd

r
[c]
m

)
√

2ln
(
σ

[c]
m

)


2 (20)

whereN
[c]
m is the total concentration in the modem, σ

[c]
m

is the geometric standard deviation of a mode, andr
[c]
m is

the mode radius (all defined separately for each chemical
componentc). Nm is generally reported as concentration
(defined in terms of a unit volume, as opposed to unit mass as
it is in case of specific concentrationnd) hence the division
by the air densityρ in Eq. (20). The bins are initially equally
spaced in logarithm of radius over the 1 nm–100 µm range
what ensures accurate representation of the log-normal shape
of the initial spectra.

The initial spectra of wet aerosol are calculated by
assuming an equilibrium state defined by

T
[c]
wl

∣∣∣
t=0

= T
[c]
wr

∣∣∣
t=0

= T

dr
[c]
wl

dt

∣∣∣∣
t=0

=
dr

[c]
wr

dt

∣∣∣
t=0

= 0
(21)

that is effectively by the equality of the vapour pressure over
the particle surface and the ambient vapour pressure.

The initial values ofT , p andqv are chosen to describe
the air properties slightly beneath the cloud base, i.e. at high
relative humidity (RH) but below saturation. High initial
relative humidity translates to high initial water content it
the particles. This assures that the mass of solute is small
in comparison to the mass of the water, a prerequisite for
the assumption that both the particle density and the surface
tension coefficients are independent of particle composition.

2.4 Numerical solution

Integration of Eq. (19) without further approximations
requires a numerical algorithm capable of solving a stiff ODE
system (the stiffness of the system is confirmed e.g. by the
significant inefficiency of the Adams-Moulton method with
functional iteration). In addition, calculation of the initial wet
spectra using an equilibrium condition defined by Eqs. (21)
is not possible analytically. The latter problem is solved
by employing an iterative root-bracketing procedure (using

the Brent-Dekker method, cf. Sect.2.6). The initial search
interval for root-bracketing is defined using the dry radius for
the lower bound, and the equilibrium value with the Gibbs-
Kelvin effect neglected for the upper bound.

The ODE system is solved using the variable-order,
variable-step backward differentiation formula (BDF) as
implemented in the CVODE solver (Cohen and Hindmarsh,
1996, cf. Sect.2.6herein). In each time-step (numbered byi)
the ODE systemdx/dt = F(x,t) defined by Eq. (19) is
integrated by finding a root off (xi):

f (xi)=

h∑
k=1

αi,kxi−k +(ti − ti−1)βiF (xi,ti)−xi (22)

using the Newton-Raphson iteration (hereh varies between 1
and 5, and defines the order of the method at the current time-
step, andαi,k andβi are variable coefficients). The iteration
(with steps numbered byj ) is of the following form:

x
j+1
i = x

j
i −

f (xi)

f ′(xi)
= x

j
i +

f (xi)

1−(ti − ti−1)βi
∂F
∂x

(23)

The Jacobian matrix∂F/∂x is updated at least once every
twentieth time-step. The Jacobian is approximated by
multiple evaluations of the right-hand side of Eq. (19) using
the current, and slightly perturbed values ofx.

The CVODE solver adaptively chooses time-step accord-
ing to the desired accuracy to be achieved in each step of
integration (relative tolerance of 1×10−8 and zero absolute
tolerance was used in the calculations presented here). In
addition, the solver is instructed to shorten the time-step if
an unphysical condition is detected during evaluation of the
system right-hand sideF(x,t) (e.g. if a positively-defined
quantity has a negative value or if the left edge of a bin
outruns its right edge).

The right-hand side of the ODE system is evaluated in the
order presented in Eq. (19). The integration is performed
until a desired time (altitude) is passed, and an interpolated
set of values for this time (altitude) is calculated and returned.

After each successful integration step, a spectrum-
refinement procedure is carried out, if necessary, and in
that case the integration over the last time-step is repeated.
The conditions for triggering the grid-refinement are defined
and discussed in the following subsection. Each refinement
causes a change of the length ofx, which in turn results in
reducing the current orderh to unity, and re-evaluation of the
Jacobian matrix.

A solution of the problem in context of cloud-
microphysical studies is a set of properties of the droplet
spectrum such as cloud droplet number concentration
(CDNC), liquid water content (LWC), average droplet radius
(〈r〉), the standard deviation of the size spectrum (σr) and
effective radius (reff). The k-th moment of the droplet
spectrum is evaluated, taking into account that the left-most
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(and right-most) bins may fall only partially in the given
droplet size range, using:

〈rk
w〉 =Zk/Z0 (24)

where

Zk =

∑
c

∑
b

N [c,b]

r
[c,b]
wr −r

[c,b]

wl

rb −ra

r
[c,b]
wr −r

[c,b]

wl

rk+1
b −rk+1

a

k+1
(25)

wherera = max(rmin,r
[c,b]

wl ), rb = min
(
rmax,r

[c,b]
wr

)
; rmin was

set at 1 µm andrmax at 25 µm. Consequently:

– CDNC =ρZ0

– LWC = 4ρπρlZ3/3

– σr =
√

Z2/Z0−(Z1/Z0)2

– reff =Z3/Z2

2.5 The adaptive size-spectrum discretisation scheme

The key task of the adaptive discretisation scheme is to
control the accuracy of the discretisation by splitting any
overly wide bins into several smaller bins while the ODE
system is integrated. Using the MOL nomenclature (Wouwer
et al., 2001, Sect. 1.3 therein) it is thus anh-refinementof
the spatial grid. Insertion of new bins takes place at discrete
time levels only, namely when the ODE solver reaches its
next internal time-step. Consequently, the grid adaptation
procedure is decoupled from the ODE integration and as
such thestatic girding is employed. The method utilises
the so-calledfull restart as the ODE solver is reinitialised
after each refinement event, and restarts with the lowest
order. The restart and the reduction of the method order
is a consequence of changing the length of the model state
vectorx.

The criterion for triggering the division of a given bin is
defined as follows. Bin splitting happens whenever the ratio
of the logarithm of the width of a given bin to its initial
value reaches a certain limit. The limit was set at 2 for
most of the simulations discussed in the text (save for the
case of urban aerosol where 1.8 was used, cf. Sect.3.3),
meaning that no bin was allowed to double its width when
viewed in logarithmic scale (the previous step of the solver
is repeated each time new bins are added). Smaller limits
cause the algorithm to carry out the refinement earlier in
time and hence increase the computational effort. Larger
limits delay the refinement and at the same time increase
the uncertainty inherent to the interpolation performed to
calculate the particle temperatures and dry/wet radii at the
edges of the newly created bins. No refinement takes place
when the particle concentration in a given bin is below
a certain level hereinafter referred to as thetolerance.

Each refinement event causes a full-restart of the ODE
solver which, in turn, causes the solver to reduce the order,

tighten its time-step, re-evaluate the Jacobian matrix, and
consequently slow down the computations. For this reason,
the number of bins into which a bin is split is chosen in
a way ensuring no further splitting of any of the newly
created bins will occur. The number of new bins added is
thus chosen by dividingN [c,b] by the tolerance. The new
bins are spaced linearly in radius, and hence the specific
concentration in each of the new bins is equal. The values of
particle temperature and particle dry/wet radii at the newly
introduced bin boundaries are linearly interpolated from the
values at the boundaries of the bin being split.

The refinement criterion and the refinement procedure are
local to a given bin and thus different bins may be split at
different times during the integration.

In principle, the presented approach replaces the single
parameter of the discretisation, the number of bins, with
two new parameters: theinitial number of binsand the
tolerance. The former determines the uncertainty related to
the discretisation of the initial condition (initial dry radii).
The later controls the uncertainty associated with the final
spectrum, and has a physical meaning, being the highest
number of particles allowed to reside in a bin laying in
between the two modes of the final aerosol spectrum (i.e.
modes of activated and non-activated particles).

2.6 Implementation of the model

The program is implemented in an object-oriented manner
in C++. The implementation is built upon the Boost.Units
framework for dimensional analysis of the code at compila-
tion time (Schabel and Watanabe, 2008) hence a physical unit
is assigned to every variable/expression in the code with no
performance penalty. The GNU Scientific Library (Galassi
et al., 2009) is used for root-bracketing using the Brent-
Dekker method (cf. Sect.2.4 herein and Sect. 33.8 therein).
The ODE system is solved using the CVODE solver (Cohen
and Hindmarsh, 1996) interfaced through the SUNDIALS
package (Hindmarsh et al., 2005). CVODE is a C-written
successor to the Fortran-written VODE solver and a close
relative of the LSODE solver. LSODE was used e.g. in
Ghan et al.(1998), Nenes et al.(2001b) andRomakkaniemi
et al. (2006) while two out of five models compared in
Kreidenweis et al.(2003) and the model ofDebry et al.
(2007) were based on VODE.

The source code of the program is available as an
electronic supplement of this paper and is released under
the GNU General Public License. All model parameters are
passed using UNIX-like command-line options. Toggling
such settings of the model as transition régime corrections,
the Gibbs-Kelvin effect or the adaptivity do not require
recompilation. Similarly, altering the numerical solution
parameters such as the tolerances or switching from BDF
to Adams-Moulton method for ODE integration is possible
using command-line options. A web-based interface (written
in HTML/PHP) allowing alteration of all model options,
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visualisation of single simulation results, as well as control of
parallel runs of simulations with different input parameters is
included.

3 Example results

3.1 Example run without adaptivity: sea-salt/sulphate
competition in marine aerosol activation

Ghan et al. (1998) presented an analysis of relative
importance of sea-salt and sulphate particles during CCN
activation. The study was based on a series of simulations
using a moving-sectional model of CCN activation. We
use here a similar set-up for discussing an example model
run without adaptivity and relatively low spectral resolution
(45 bins over the 1 nm–100 µm radius range).

In the set-up the initial aerosol content of the air parcel is
described by a sum of a single-mode log-normal distribution
of ammonium sulphate aerosol, and a tri-modal log-normal
distribution of sodium chloride aerosol. The parameters of all
modes are listed in Table1 and are based on measurement-
data fits summarised inO’Dowd et al. (1997, values for
horizontal wind speed of 15 m s−1 were used ).

A steady updraftw = 0.25 m s−1 is driving the changes
in the parcel’s temperature, pressure, and relative humidity
which are initially set at 280 K, 1000 hPa and 99%,
respectively. The integration is performed for 250 s.

A summary of evolution of the aerosol spectra is presented
in Fig. 1 (see figure caption for details). The shift towards
larger sizes of the initial wet spectra (green lines in Fig.1a)
with respect to the initial dry spectra (red lines) reflects
the growth of particles up to RH=99% calculated assuming
equilibrium condition (cf. O’Dowd et al., 1997, Fig. 4
therein). Further growth of the aerosol is calculated resolving
the diffusion kinetics, and leads to activation of CCN and
formation of droplets (peaks on right-hand side of the final
blue spectra in Fig.1b). The final spectra of both sulphate
and sea-salt particles are distinctly bi-modal. The large-
particle mode corresponds to cloud droplets, and is visible
in both sulphate and sea-salt distribution. The small-particle
mode corresponds to unactivated particles. The largest
droplets were formed on sea-salt aerosol. For both aerosol
components, the region of spectra between the two modes
of the final PDFs is represented with a single bin spanning
over an order of magnitude in radius. This very section(s)
is hereinafter referred to as the critical section(s) following
Korhonen et al.(2005).

Figure 2 presents the time-evolution of particle sizes,
particle temperatures (colour scale representingTw − T ),
and the time/height profile of relative humidity. Wet radii
corresponding to the two chemical components considered
are plotted using circles and diamonds. The differences
in wet radii for the same dry size (i.e. the differences
arising from the differences in water activity for sea-salt
and sulphate solutions) are most pronounced in the left-hand

Table 1. Aerosol distributions used in the example model run
discussed in Sect.3.1. Data afterO’Dowd et al. (1997), as used
in Ghan et al.(1998).

Mode Solute Nm rm σm

[cm−3] [µm] [1]

Film drop NaCl 51.1 0.10 1.90
Jet drop NaCl 2.21 1.00 2.00
Spume drop NaCl 0.00001 6.00 3.00
Accumulation (NH4)2SO4 100 0.08 1.45

Fig. 1. A summary of aerosol size spectra evolution as calculated in
the model run discussed in Sect.3.1. The four data sets plotted in
plot (a) correspond to the initial dry (red colour), and the initial wet
(green colour) spectra for sea-salt (thin lines) and sulphate (thick
lines) aerosol. In plot(b) the initial wet spectrum (green colour) is
shown again, together with the final wet spectrum (blue colour).

side of the plot (i.e. particles of less than 10 nm in radius).
Elsewhere, the two symbols (i.e. circles and diamond)
overlap. The symbols are drawn every fiftieth time-step of
the solver, and what follows the time-step adjustments made
by the solver may be observed.

Four phases of the process can be distinguished (Howell,
1949). First, the particles grow slowly approximately until
the relative humidity reaches 100%. From then on, the
relative humidity does not fall below 100% and hence all
subsequent phases occur at supersaturation with respect to
the plane surface of pure water. The second phase is
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Fig. 2. Evolution of the aerosol spectra (symbols) and the relative humidity (green curve) as calculated in the model run discussed in Sect.3.1.
Wet radii at bin boundaries are drawn every 50 time-steps. Circles and diamonds correspond to sea-salt and sulphate aerosol, respectively.
Colour of the symbols indicate the difference between the temperatures of particles and the surrounding air. The two dark-grey vertical lines
at 1 and 25 µm indicate the region of the spectra used for calculating the moments of the droplet spectrum, as defined by Eq. (25). The thick
light-grey bifurcated line in the background is drawn to highlight the two bin boundaries of the same dry radius which undergo markedly
different evolution for sulphate and sea-salt aerosol (discussed in the text).

characterised by a rapid growth of particles in the 0.5–5 µm
range, and continuous increase of the relative humidity until
reaching a maximum value of 100.2%. In the third phase,
occurring roughly from 120 s until 150 s, the rate of growth
of particles stabilises throughout the whole spectrum, with
the exception of the region separating the unactivated and
activated modes. There, one of the bin-boundaries undergoes
a different evolution for sulphate and sea-salt aerosol,
initially having equal volume of dry material (highlighted
with the thick light-grey bifurcated line in the background
in Fig. 2). The highlighted bin boundary in the sulphate
spectrum becomes the smallest one in the activated part of the
spectrum, while the one of the sea-salt aerosol is the largest
one in the unactivated part of the spectrum. The relative
humidity decreases during the third phase. Finally, the fourth
phase of the growth represents a quasi-equilibrium state
with activated droplets steadily growing at almost constant
relative humidity.

The characteristics of the droplet spectra (spectrum
moments calculated over the 1 µm–25 µm radius range)
are presented in Fig.3. The shapes of both spectra
(sea-salt and sulphate solution droplets) are plotted at six
intermediate altitudes (histograms constructed with thick
and thin blue lines, respectively). The droplet specific
number concentration (turquoise line) increases till about
140 s (35 m), and stays constant afterwards. The mean radius
(thick orange line) increases continuously with height from
the onset of droplet formation till the end of the model run.
The standard deviation of the droplet radius (thin orange
lines) stays approximately constant. The droplets formed
on sulphate aerosol dominate in the small-size part of the
spectrum, while the sea-salt aerosol took part in formation of
the largest droplets.

Fig. 3. A summary of the evolution of droplet spectrum as
calculated in the model run discussed in Sect.3.1. The wet spectra
are drawn at six selected time-steps using separate histograms for
sulphate (thin blue lines) and sea-salt (thick blue lines). The vertical
scaling factor is the same for all twelve histograms, and has an
arbitrary value. The thick orange line denotes average droplet
radius, while the two surrounding thin orange lines represent the
width of the spectrum (±σr). Both the average radius and the
standard deviation are shown only after the specific concentration
reaches 50 mg−1. The turquoise line denotes specific droplet
concentration (units at the top axis).
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3.2 Sensitivity to the discretisation resolution
(without adaptivity)

Apart from the physical parameters of the model (such as
vertical velocity profile), and the initial values of model
variables (such as initial temperature and the dry aerosol
spectra), the model results depend on parameters controlling
the discretisation scheme and the integration process. As
pointed out inKreidenweis et al.(2003) the droplet number
concentrations obtained with models relying on the moving-
sectional technique are sensitive to the number of bins used
for the discretisation of the aerosol spectra. To assess the
degree to which the choice of the number of bins used to
represent the initial spectrum influences the results, a set of
simulations run with different number of bins is compared.
The variability of the results due to changes in discretisation
parameter is compared with the variability associated with
the aerosol physical and chemical properties, and the vertical
air velocity.

Four tri-modal aerosol distributions corresponding to
properties of aerosol of different air-mass types are taken
into account. Their parameters are listed in Table2 and are
based on themarine, clean continental, average background
and urban cases reported inWhitby (1978). For each
distribution, a nuclei mode, an accumulation mode, and
a coarse mode is defined. The spectra are assumed to
represent the sizes of dry particles. This is the set of cases
used inNenes et al.(2001b) for studying the influence of
aerosol characteristics on cloud radiative properties using
a moving-sectional model of CCN activation.

For each of the considered initial aerosol size distributions
the calculations are carried out separately assuming pure
ammonium sulphate and pure sodium chloride aerosol, and
for three different updraft speeds, namely 0.25, 1 and
4 m s−1. Calculations are performed until reaching 125 m.
Each set-up (defined by one of the four size-spectra, one of
the two chemical compositions, and one of the three vertical
velocities) is tested with 54 different numbers of bins ranging
from 30 to 300, with a step of 5. All other model parameters
are defined as in the example run described in Sect.3.1.

Figure 4 presents the results from all 1296 model runs.
Six quantities are compared, out of which five represent the
final values reached at the altitude of 125 m above the initial
level: the droplet concentration CDNC, the mean radius of
the droplets〈r〉, the standard deviation of the droplet radius
σr, the effective radiusreff and the liquid water content
LWC. The sixth quantity is the maximum supersaturation
Smax = max(RH − 1) encountered during the model run,
expressed in percent. It is evident that the model results
are sensitive to the number of bins used to represent the
initial spectra of aerosol. The maximum supersaturation is
the only quantity not exhibiting significant variation. The
variability associated with the changes in the number of bins
is in some cases stronger than that due to different chemical
composition or updraft velocity (e.g.σr in the marine case).

Table 2. Aerosol distributions used in the model runs presented in
Sects.3.2–3.3. Data afterWhitby (1978), as used inNenes et al.
(2001b).

Spectrum Nm rm σm

(mode) [cm−3] [µm] [1]

Marine (nuclei) 340 0.005 1.6
Marine (accumulation) 60 0.035 2.0
Marine (coarse) 3.1 0.31 2.7

Clean continental (nuclei) 1000 0.008 1.6
Clean conti. (accumulation) 800 0.034 2.1
Clean conti. (coarse) 0.72 0.46 2.2

Average background (nuclei) 6400 0.008 1.7
Average bg. (accumulation) 2300 0.038 2.0
Average bg. (coarse) 3.2 0.51 2.16

Urban (nuclei) 106 000 0.007 1.8
Urban (accumulation) 32 000 0.027 2.16
Urban (coarse) 0.43 0.43 2.21

Gradual increase of the number of bins does lead to the
convergence of the result to an asymptotic value; however,
arguably 300 bins is not a sufficient number in some cases.
Clearly, the results obtained with less than 100–150 bins are
characterised by significant uncertainty.

The spread of the obtained CDNC values is roughly
in line with results reported inKreidenweis et al.(2003)
and Korhonen et al.(2005). While the differences in the
model formulations, and the differences in model set-ups
rule out direct comparison of the results, it is worth to
mention several of observations from the two mentioned
studies. In both cases the focus was given to the droplet
number concentration.Kreidenweis et al.(2003, Par. 22 and
Fig. 8 therein) compared results from four different models,
running them with different number of bins ranging from
20 to 100. The bins were spaced equally in logarithm of
radius and in all cases covered at least two decades of the
1 nm–10 µm size range. The variability of droplet number
concentrations was observed for all of the models. The
discrepancies between the results obtained with the same
model but with different number of bins reached ca. 10%.
Korhonen et al.(2005) compared results obtained using five
different activation schemes run at low spectral resolution
(10 bins within the 10 nm–1.5 µm range) with a high-
resolution run in which 500 bins were used. The variations
were analysed separately for marine, rural, and urban
aerosol, and for a variety of vertical velocities (all below
1 m s−1). Predictions of the most accurate low-resolution
models differed from the high-resolution calculations by
roughly, up to 1%, 10% and 50% for marine, rural, and
urban aerosol, respectively (Korhonen et al., 2005, Fig. 3
therein).
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Fig. 4. A summary of results obtained without adaptivity in the 1296 model runs discussed in Sect.3.2 (see text for details) plotted as
a function of the number of bins. The lines are drawn by connecting points every 5 bins. The width and colour of a line correspond to the
vertical velocity and solute, respectively (cf. the key in the top-right corner of the figure). Each of the four columns of plots corresponds to
a different initial aerosol size spectrum (i.e. marine, clean continental, average background and urban), all plots in a column share the x-axis.
Each of the top five rows of plots corresponds to a droplet spectrum parameter (i.e. CDNC,<r>, σr, LWC andreff). The bottom row of plots
corresponds to the maximum supersaturation. The ranges of the y-axes differ. Figure5 presents analogous results obtained with adaptivity
(with maximum supersaturation plots omitted).

The problem of the sensitivity of the moving-sectional
model results to the spectrum discretisation resolution was
also discussed inTakeda and Kuba(1982, Sect. 2.5 therein)
where the authors mention large influence of the number of
particles in a critical section on the total number of activated

cloud droplets, as well as broadening of the cloud droplet size
spectrum with increasing number of bins used.Ghan et al.
(1998) used bins of equal number of particles, as opposed
to the present logarithmic layout, effectively increasing the
discretisation resolution near the critical section(s).
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Fig. 5. A summary of results obtained with adaptivity in the 1296 model runs discussed in Sect.3.3 (see text for details). Figure4 presents
analogous results obtained without adaptivity (see caption for explanation of the plot elements).

3.3 Example results with adaptivity

The same series of simulations as presented in the previous
section was repeated with adaptivity. The tolerances were set
to min(0.5%·Nm, 50 mg−1) usingNm of the accumulation
mode (see Table2) giving 0.3 mg−1, 4 mg−1, 11.5 mg−1 and
50 mg−1 for marine, clean continental, average background
and urban cases, respectively. The results of multiple
simulations with adaptivity are summarised in Fig.5
intended for direct comparison with Fig.4. The previously
observed variability of the results with varying number of
bins is visibly suppressed confirming the efficacy of the
proposed method. The quality of the results (i.e. the stability
with regard to the number of initial bins) obtained with low
initial number of bins is significantly enhanced, in particular
in the case of LWC. This suggests that introduction of the
adaptivity helps the model to correctly resolve both droplet

mass- and droplet number-related quantities, even though
the model is formulated using particle number distributions.
Both the effective radiusreff and cloud droplet number
concentration CDNC do not exhibit virtually any variability
(both being the focus of studies of cloud albedo and climate
impacts, cf. e.g.,Brenguier et al., 2000, and references
therein). Comparison of Figs.4 and 5 confirms that
(i) the sensitivity of the model-predicted values of CDNC
to number of bins reported byKreidenweis et al.(2003) and
Korhonen et al.(2005) is related to the poor representation
of the spectrum shape near the critical section(s); (ii) the
adaptive discretisation scheme correctly identifies the critical
section(s); (iii) the proposed refinement strategy helps to
limit the uncertainty of the results.

Figure 6 summarises the relation between the initial
and final number of bins, and thus provides a brief
estimate of the memory/CPU footprint of the adaptive
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Fig. 6. Final number of bins plotted as a function of the initial number of bins for the model runs with adaptivity presented in Fig.5
and discussed in Sect.3.3. Dashed lines in the plot are 1:1 lines representing cases without adaptivity. Consult the caption of Fig.4 for
explanation of the plot elements.

Fig. 7. A comparison of aerosol spectra evolution as calculated in two model runs with adaptivity toggled off(a) and on(b). See captions of
Figs.1–3 for description of the plot elements. Figure discussed in Sect.3.3.

refinement scheme. The key observation is that the
final number of bins corresponding to ca. 50 bins on the
abscissa (i.e. roughly the number of bins needed to obtain
convergence with adaptivity) is, in general, lower than
the number of bins needed to obtain convergence without
adaptivity. Consequently, the method offers a reduction
of computational effort needed to obtain results of a given
precision.

An in-detail comparison of one of the simulations
presented in Figs.4 and 5 is presented in Fig.7a
(without adaptivity) and7b (with adaptivity). The vertical
velocity was set at 1 m s−1, the aerosol size spectrum was
initialised with theaverage backgrounddistribution, and the
composition was assumed to be pure ammonium sulphate.
To enhance the readability of the figure by lowering the
number of bins, the initial number of bins was set at
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55, and the tolerance was decreased to 46 mg−1. During
the simulation with adaptivity 14 bins were added to the
spectrum. There are two most evident differences among the
plots in Fig.7a and b. First, the final concentration calculated
with adaptivity is about 15% higher, and consequently the
predicted average droplet radius is smaller. Second, the
shape of the spectra at different heights is asymmetric for
the case without adaptivity.

Enabling adaptivity, and thus increasing the resolution of
the discretisation in the very region of the spectrum where the
droplet-growth is most vigorous, allows the model to resolve
the shape of the left-hand side slope of the droplet spectrum.
This suggests that the asymmetry of the droplet spectrum
near cloud base, predicted by the model without adaptivity,
is a numerical artefact. Finding support for this observation
in experimental data is difficult as most of the cloud droplet
spectrometers nowadays are optical instruments which, for
physical reasons, cannot sense the smallest (i.e.<1.5 µm in
radius) droplets (see e.g., Fig. 10a inLawson and Blyth,
1998, presenting the cloud spectra 50 m above cloud base
as measured by three different instruments).

The ability of the model to faithfully resolve the spectrum
shape at the very onset of droplet growth is of potential
importance for the development of parameterisations of the
activation process for use in cloud-resolving hydrodynamical
models (see e.g., the discussion inGrabowski and Wang,
2009, where the authors underline the need for parameter-
ising the initial width of the spectrum of activated droplets).

Comparison of the right-hand side panels of Fig.7a
and b suggests that the adaptivity contributes as well to
a better representation of the transition-régime corrections
in the model. The increase of the number of bins near
100 nm results in probing the transition-régime interpolation
formulæ at denser intervals.

4 Summary and outlook

This paper discussed a numerical method for studying the
kinetics of aerosol growth by vapour condensation in the
context of CCN activation. A simple yet robust air-parcel
model of droplet formation utilising the adaptive method
of lines was formulated. Implementation of the model was
discussed and its source code is available as an electronic
supplement of the paper. Example results for single- and
multi-component aerosol, with- and without adaptivity, for
different vertical velocities, and different initial aerosol
spectra were presented.

The key advantages of the introduced grid refinement
method are (i) the suppression of bogus sensitivity of the
model results to the discretisation parameters when working
in low resolution; (ii) the introduction of physically-based
uncertainty-related parameters controlling the spectrum
discretisation independently of the resolution of model input;
(iii) the enhancement in resolution of the shape of the
left edge of the model-predicted droplet spectrum; (iv) the
reduction of computational effort needed to obtain results of
a given precision. The discussion of results obtained without
adaptivity constitutes an assessment of the uncertainty of
results obtained using classical MOL (see Fig.5).

Presented method is potentially applicable to numerous
fields of aerosol/hydrosol-related research where moving-
sectional models of aerosol growth are used, including
(i) studies of closure among the CCN activation theory
and in-situ measurements of cloud properties (e.g.,Snider
et al., 2003); (ii) design and calibration of aerosol
instruments (e.g.,Nenes et al., 2001a); (iii) research on
the nucleation of aerosol in the atmosphere (e.g.,Anttila
et al., 2004); iv) estimations of the impact of aerosol
properties and the kinetics of its growth on cloud albedo
(e.g., Nenes et al., 2001b) and the related assessments of
geoengineering techniques for global warming mitigation
(e.g., Bower et al., 2006); (v) investigations on cloud
processing of aerosol (e.g.,Romakkaniemi et al., 2006);
(vi) construction and evaluation of parameterisations to
be employed in hydrodynamical models run at resolutions
where CCN activation is a sub-scale process (e.g.,Feingold
and Heymsfield, 1992). Further studies underway are aimed
at validating the model with aircraft measurements, and
at enhancing the representation of links between particle
growth kinetics and its composition. The implemented
logic for efficiently handling variable number of bins shall
be a valuable component for implementing an accurate
treatment of the coagulation process using the moving-
sectional approach. Results of these studies will be reported
in future publications.
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Appendix A

List of symbols.

Symbol SI unit Description

α, β [1] coefficients in the BDF formula
γ [m2] helper symbol in Eqs.17and18
ρ [kg m−3] density of moist air in the parcel
ρl=1000 [kg m−3] density of liquid water
ρv [kg m−3] density of water vapour in the parcel
σ=0.072 [J m−2] surface tension coefficient of water
σm, σ

[c]
m [1] geometric standard deviation of a log-normal mode

σr [m] standard deviation of droplet radius
κ [c] [1] chemical-composition parameter for spectrumc

κ [0]
=1.28 [1] CCN-derived value ofκ for NaCl

κ [1]
=0.61 [1] CCN-derived value ofκ for (NH4)2SO4

λD [m] mean free path of water vapour in air
λK [m] length scale for heat transfer in air
a [1] water activity
b [0,1, . . . ] bin number enumerator
CDNC [m−3] cloud droplet number concentration
c [0,1, . . . ] chemical composition enumerator
cl=4218 [J kg−1 K−1] specific heat capacity of liquid water
cp(qv) [J kg−1 K−1] specific heat capacity of moist air
cpd=1005 [J kg−1 K−1] specific heat capacity of dry air
cpv=1850 [J kg−1 K−1] specific heat capacity of water vapour
D(λD,rw) [m2 s−1] diffusivity of water vapour in air (transition régime)
D0=2.21×105 [m2 s−1] diffusivity of water vapour in air (continuum régime)
F(x,t) n/a ODE system right-hand side
f (xi) n/a the function used in Newton-Raphson iteration
g=9.8067 [m s−2] gravitational acceleration
h [1,2, . . . ] BDF formula order
i [0,1, . . . ] solver time-step enumerator
j [0,1, . . . ] root-finding iteration enumerator
K(λK ,rw) [J m−1 s−1 K−1] thermal conductivity of air (transition régime)
K0=2.4×10−2 [J m−1 s−1 K−1] thermal conductivity of air (continuum régime)
k [0,1,2, . . . ] spectrum moment enumerator
LWC [kg m−3] liquid water content
lv(T ) [J kg−1] latent heat of evaporation
lv0 = 2.5×106 [J kg−1] latent heat of evaporation at the triple point
M [kg] particle mass
m [0,1, . . . ] log-normal mode enumerator
N=CDNC/ρ [kg−1] cloud droplet specific concentration
N [c] [kg−1] total specific concentration in spectrumc
N [c,b] [kg−1] specific concentration in binb of spectrumc

Nb, N
[c]
b [1] number of bins (in size spectrumc)

Nc [1] number of chemical components
Nm, N

[c]
m [m−3] total concentration in a log-normal mode

nd, n
[c]
d [kg−1 m−1] dry aerosol specific concentration density

n
[c]
w [kg−1 m−1] wet aerosol specific concentration density

p [Pa] air-parcel pressure
p0=611.73 [Pa] water vapour pressure at the triple point
pv [Pa] partial pressure of water vapour
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pv∞(T ) [Pa] equilibrium vapour pressure (plane surface, pure water)
pvs(T ,...) [Pa] equilibrium vapour pressure (solution droplet)
Q [J] particle heat content
qv [1] air-parcel specific humidity
R(qv) [J K−1 kg−1] gas constant of moist air
Rd=287.1 [J K−1 kg−1] gas constant of dry air
Rv=461.4 [J K−1 kg−1] gas constant of water vapour
RH=pv/pv∞ [1] air-parcel relative humidity
r0, r1, ra , rb [m] helper symbols in Eqs (18) and (25)
reff [m] cloud droplet effective radius
rd, r

[c,b]

dl , r
[c,b]

dr [m] particle dry radius (at left/right bin boundary)
r
[c]
m [m] mode radius of a log-normal mode

rmin, rmax [m] cloud droplet spectrum range (1 and 25 µm)
rw, r

[c,b]

wl , r
[c,b]
wr [m] particle wet radius (at left/right bin boundary)

S, Smax [1] supersaturation (maximum)
t , ti [s] time (at model time-stepi)
T [K] air-parcel temperature
T ′ [K] temperature
T0=273.16 [K] temperature of the triple point of water
Tw, T

[c,b]

wl , T
[c,b]
wr [K] particle temperature (at left/right bin boundary)

w [m s−1] air-parcel vertical velocity
x n/a vector of dependent variables in ODE system
Zk [mk kg−1] helper symbol in Eqs. (24) and (25)

Supplementary material related to this article is available
online at: http://www.geosci-model-dev.net/4/15/2011/
gmd-4-15-2011-supplement.zip.
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ABSTRACT

A series of simulations employing the superdropletmethod (SDM) for representing aerosol, cloud, and rain

microphysics in large-eddy simulations (LES) is discussed. The particle-based formulation treats all particles

in the same way, subjecting them to condensational growth and evaporation, transport of the particles by the

flow, gravitational settling, and collisional growth. SDM features a Monte Carlo–type numerical scheme for

representing the collision and coalescence process. All processes combined cover representation of cloud

condensation nuclei (CCN) activation, drizzle formation by autoconversion, accretion of cloud droplets,

self-collection of raindrops, and precipitation, including aerosol wet deposition. The model setup used in

the study is based on observations from the Rain in Cumulus over the Ocean (RICO) field project. Cloud

and rain droplet size spectra obtained in the simulations are discussed in context of previously published

analyses of aircraft observations carried out during RICO. The analysis covers height-resolved statistics

of simulated cloud microphysical parameters such as droplet number concentration, effective radius,

and parameters describing the width of the cloud droplet size spectrum. A reasonable agreement with

measurements is found for several of the discussed parameters. The sensitivity of the results to the grid

resolution of the LES, as well as to the sampling density of the probabilistic Monte Carlo–type model, is

explored.

1. Introduction

This study presents a series of large-eddy simulations

(LES) employing the particle-based and probabilistic

approach for representing aerosol, cloud, and warm-rain

microphysics introduced in Shima (2008) and Shima

et al. (2009) and referred to as the superdroplet method

(SDM). The simulations cover a 24-h-long evolution of

a field of shallow convective clouds typical of the trade

wind boundary layer.

The highlight of the paper is the discussion of the

simulation results in context of several previously pub-

lished analyses of in situ cloud measurements from the

Rain in Cumulus over the Ocean (RICO) field study

(Rauber et al. 2007). SDM features a continuous (as op-

posed to binned) representation of the particle sizes and

diffusive-error-free numerical schemes for both conden-

sational and collisional growth of particles. This results in

the availability of high-spectral-resolution data on the

shape of the particle-size distribution within a large range

of particle sizes from unactivated aerosol through cloud

droplets to drizzle and rain drops. In this paper the cloud

and rain size spectra obtained in LES-coupled SDM

simulations are analyzed with the aim of presenting

quantities comparable to those measured during RICO

using high-resolution optical cloud and precipitation

size spectrometers such as the Fast Forward Scattering

Spectrometer Probe (Fast-FSSP) and the two-dimensional

stereo (2D-S) probe [see Brenguier et al. (1998) and

Lawson et al. (2006), respectively]. Employment of SDMas

opposed to bulk, multimoment, or bin microphysics makes

it feasible to take into account in the comparison of a wider

range of cloud microphysical parameters than in previous
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studies comparing LES results with RICO aircraft obser-

vations (Abel and Shipway 2007; van Zanten et al. 2011).

2. Methodology

a. The superdroplet method

SDM is a particle-based simulation technique in

which each of the particles for which computations are

made [superdroplets (SDs)] represents a multiplicity of

real-world particles of the same size and same compo-

sition. Formulation of the method is given in Shima

et al. (2009) and may be briefly outlined as follows. The

framework of the method consists of two mutually

coupled components: (i) an Eulerian fluid flow solver,

and (ii) a Lagrangian particle-tracking logic-computing

evolution of physical coordinates and physicochemical

properties of a population of particles immersed in the

flow. All particles are treated as spherical solution drop-

lets (ammonium sulfate solution assumed herein). The

coupling between the Eulerian and the Lagrangian com-

ponents is bidirectional. TheLagrangian component feeds

on the fluid velocity field in order to update the positions

of the superdroplets and the thermodynamic fields to

compute the condensational growth or evaporation rates.

The Eulerian component feeds on the water vapor and

heat source/sink rates resulting from condensation and

evaporation of water on the particles. In the Lagrangian

component, all SDs are subject to transport by the flow,

gravitational settling, and condensational and collisional

growth. The distinction between aerosol, cloud, drizzle, or

rain particles is made only at the stage of model output

analysis—not in the model formulation itself.

Such particle-based formulation belongs to a class of

discrete parcel methods (Crowe et al. 2012). Analogous

particle-based techniques were recently used in LES of

precipitation-forming clouds byAndrejczuk et al. (2010)

and Riechelmann et al. (2012); what distinguishes SDM,

however, is the Monte Carlo–type representation of the

particle-coalescence process (Shima et al. 2009, their

sections 2.1.4, 4.1.4, and 5.1.3). A similarly formulated

Monte Carlo scheme for particle collisions was recently

used in context of LES of ice-phase clouds in S€olch and

K€archer (2010).

b. Model setup

The simulations are carried out using the Cloud-

Resolving Storm Simulator [CReSS; Tsuboki (2008),

his chapter 9.2 and references therein], which is a non-

hydrostatic compressible-LES-type solver. Two types

of moist processes representations are used: the SDM

and a Kessler-type bulk scheme [Kessler (1995) and the

references to the earlier works of the author therein]

implemented following Klemp and Wilhelmson (1978,

their section 2b). The simulations are carried out using

the setup defined in van Zanten et al. (2011) and corre-

sponding to the atmospheric state measured and modeled

in context of the RICO field project (Rauber et al. 2007).

The setup is designed as an idealized case based on the

composite structure of the trade wind boundary layer fol-

lowing RICO observations discussed in Nuijens et al.

(2009). In particular, there is no diurnal cycle and both the

prescribed radiative cooling and the sea surface tempera-

ture are assumed to be constant. Throughout the simula-

tions the heat and the moisture content in the model

domain is sustained by using source termsmimicking large-

scale advection. The setup defines, among other settings,

initial piecewise linear profiles of potential temperature,

specific humidity, wind characteristics, and large-scale

forcings (van Zanten et al. 2011, their Fig. 2 and Table 2).

The only exceptions from the original setup is the

domain size—a quarter of the original domain size was

used (i.e., 6.4 3 6.4 3 4 km3 instead of 12.8 3 12.8 3
4 km3). Tests with full domain size (not discussed

herein) revealed that quartering the domain enlarges

the fluctuations in time of cloud macroscopic properties;

however, not to a level significant for the presented

discussion. Three different settings of gridcell sizes were

used: 1003 1003 40, 503 503 20, and 253 253 10m3.

The total number of superdroplets used in a simulation

is the number of grid cells in the domain times a constant

referred to as the mean superdroplet number density per

grid cell (SDND). Values of SDND vary from 8 to 512 in

the simulations presented herein. The initial coordinates

and sizes of particles are chosen randomly with uniform

distribution in physical space and bimodal lognormal

distribution in particle-size space [size spectrum as spec-

ified in van Zanten et al. (2011, their section 2.2.3)]. All

particles are initially in equilibrium with ambient hu-

midity. The probability of collisions and coalescence is

defined following Hall (1980, his section 3d and refer-

ences therein), hence no influence of turbulence on col-

lisional growth is taken into account. A semi-Lagrangian

advection scheme with cubic Lagrange interpolation and

the Smagorinsky–Lilly first-order closure was used.

A list of model runs and their corresponding labels

used throughout the paper is given in Table 1. The table

lists different time steps used in the simulations—in SDM

the time steps used for the Eulerian and the Lagrangian

computations differ as the corresponding numerical sta-

bility constraints differ (Shima et al. 2009, their section 5).

3. Results: Cloud and precipitation macrostructure

Figure 1 presents time series of domainwide statis-

tics of cloud cover (cc), liquid water path (LWP), and

rainwater path (RWP). All quantities are labeled and
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defined following van Zanten et al. (2011, their section

2.4.2 and Table 4): (i) cc is defined as the fraction of

columns with at least one cloudy grid cell (a grid cell is

defined as cloudy if the cloud water mixing ratio exceeds

0.01 g kg21), (ii) LWP is the mean over all columns of

column-integrated liquid water content (density of both

cloud and rainwater), and (iii) RWP is calculated in the

same manner using rainwater only. For SDM simula-

tions the cloud and rainwater mixing ratios are di-

agnosed by summing over the population of particles

with radius smaller and larger than 40mm, respectively

[as specified in van Zanten et al. (2011, their appendix

A)]. Presented time series cover data output every

minute of simulated time for the first and the last 4 h of

simulations corresponding to the spinup and the rela-

tively steady-state stages of the simulation, respectively.

The figure is intended for comparison with analogous

plots frommodeling studies employing the RICO setup:

Fig. 2 in Stevens and Seifert (2008), Fig. 5 in Seifert et al.

(2010), Fig. 3 in van Zanten et al. (2011), Figs. 1 and 8 in

Matheou et al. (2011), Fig. 6 in Grabowski et al. (2011),

and Fig. 11 in Onishi and Takahashi (2012).

Plots of cc reveal considerable dependence of cc on

the grid resolution, with increasing cloud cover for

higher-resolution simulations. Since the formation of

convective clouds is triggered by vertical air motion and

since refinement of the grid resolution helps to resolve in

more detail the dynamics, an increase in the number of

(smaller) clouds may be expected [see Matheou et al.

(2011, their section 3.2)].

The values of LWP obtained in middle-resolution

SDM simulations generally fall within the range of

values obtained with other LES from the study of van

Zanten et al. (2011; gray lines in Fig. 1). RWP was one of

the quantities that varied most among different LES sim-

ulations in the study of van Zanten et al. (2011, their sec-

tion 3.2). Similarly, the SDM simulation results presented

herein exhibit significant variations of RWP in time as well

with changing grid resolution or SDND.A notable feature

is the correlation of RWP with both LWP and cc.

The pronounced sensitivity of cc and LWP to grid

spacing is comparable to the one reported in Matheou

et al. (2011, their Fig. 8) for double-moment bulk mi-

crophysics scheme.Matheou et al. (2011) concluded that

a 20-m spatial resolution is too coarse and a domain of

20 3 20 km2 is too small to resolve the whole range of

length scales involved in development of a field of pre-

cipitating convective clouds.

4. Results: Cloud microstructure

Figures 2–4 present height-resolved statistics of su-

persaturation (S), cloud droplet concentration (CDNC),

droplet effective radius (reff 5 hr3i/hr2i), liquid water

content (LWC), cubed ratio of mean volume radius to

effective radius (k5 hr3i/r3eff), and standard deviation of

cloud droplet radius [sr 5 (hr2i2 hri2)1/2]. The analysis

is constrained to grid cells with CDNC . 20 cm23. All

size spectrum features are derived for SDs represent-

ing particles of radius between 1 and 24mm. The same

CDNC threshold and radius range was used in Arabas

et al. (2009) and both correspond to characteristics of the

Fast-FSSP. The analysis is restricted to the last 4 h of the

simulations and is based on SD data (particle positions

and sizes) output every 10min of simulated time.

The plot construction method was chosen following the

methodology of Arabas et al. (2009) and Figs. 2–4 are

intended for comparison with their Figs. 1 and 2. For

TABLE 1. List of model runs discussed in the paper. The run label denotes whether bulk (blk) or SDM (sdm) microphysics was used, as

well as which grid resolution (coarse, middle, or high) and SDND (8, 32, 128, or 512) was chosen. Coarse resolution corresponds to

a quarter of the domain from the original RICO setup (i.e., gridbox size of 1003 1003 40m3 with 643 643 100 grid points); the middle

and high resolutions denote settings resulting in halved and quartered gridbox dimensions, respectively (with the domain size kept

constant). For each simulation there are five time steps defined: long and short time step of the Eulerian component (the short one used for

sound-wave terms), the time step used for integrating the condensational growth/evaporation equation, the time step used for solving

collisional growth using theMonteCarlo scheme, and the time step for integration of particlemotion equations. The last column listsmean

superdroplet number densities per volume.

Run label Grid dx 5 dy (m) dz (m) Time steps (s) SD density (cm23)

blk-coarse 64 3 64 3 100 100 40 1.00/0.100/— —

sdm-coarse-8 64 3 64 3 100 100 40 1.00/0.100/0.25/1.0/1.0 2.0 3 10211

sdm-coarse-32 64 3 64 3 100 100 40 1.00/0.100/0.25/1.0/1.0 8.0 3 10211

sdm-coarse-128 64 3 64 3 100 100 40 1.00/0.100/0.25/1.0/1.0 3.2 3 10210

sdm-coarse-512 64 3 64 3 100 100 40 1.00/0.100/0.25/1.0/1.0 1.3 3 1029

sdm-middle-8 128 3 128 3 200 50 20 0.50/0.050/0.25/1.0/1.0 1.6 3 10210

sdm-middle-32 128 3 128 3 200 50 20 0.50/0.050/0.25/1.0/1.0 6.4 3 10210

sdm-middle-128 128 3 128 3 200 50 20 0.50/0.050/0.25/1.0/1.0 2.6 3 1029

sdm-high-8 256 3 256 3 400 25 10 0.25/0.025/0.25/1.0/0.5 1.3 3 1029

sdm-high-32 256 3 256 3 400 25 10 0.20/0.020/0.20/1.0/0.2 5.1 3 1029
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convenience, selected data from Arabas et al. (2009, their

Figs. 1 and 2) are presented in Fig. 5. In the present

analysis, for each level of the model grid and each plotted

parameter a list of valuesmatching the in-cloud criterion is

constructed, sorted, and linearly interpolated to find the

5th, 25th, 45th, 55th, 75th, and 95th percentiles. Levels

with less than 0.05Nmax data points, where Nmax is the

number of data points at the level with the highest number

of data points, are discarded from the analysis. The 5th–

95th percentile, the interquartile, and the 45th–55th per-

centile ranges are plotted as a function of height using red,

green, and blue bars, respectively. Profiles composed of

the 45th–55th percentile range bars are referred to as

median profiles.

The vertical extent of circa 10m of the Fast-FSSP sam-

ple volume [assuming 10-Hz sampled dataset as used in

Arabas et al. (2009)] is comparable to the gridcell sizes

used in the simulations. However, the gridcell volumes on

the order of 104–105m3 are incomparable with the Fast-

FSSP sample volume of 1026 m3—something one has to

bear in mind when comparing the SDM results with Fast-

FSSPobservations. Furthermore, the employed simulation

setup is a composite case representing typical conditions

rather than a particular day of the RICO campaign.

a. Supersaturation

The profiles of supersaturation, especially for the high

and middle resolutions, show the characteristic cloud-

base maximum confirming that the model formula-

tion and time resolution allows us to capture the

influence of CCN activation kinetics on the evolution

of supersaturation. The values of both the maximal

FIG. 1. Time series of selected cloud macrostructure characteristics defined following van Zanten et al. (2011, their

section 2.4.2 and Table 4). In the foreground there are plots depicting data from the nine simulations listed in Table 1.

In the background (thin gray lines) there are the results from simulations described in van Zanten et al. (2011, data

obtained at http://knmi.nl/samenw/rico/) and performed with different LES systems with different cloud micro-

physics schemes [both bulk and bin type; see van Zanten et al. (2011, their Table 3) for details]. The cloud cover is

defined as the fraction of columns with at least one cloudy grid cell. The liquidwater path is themean over all columns

of column-integrated liquid water content. The rainwater path is calculated in the samemanner using rainwater only.

See section 3 for discussion and definition of the plotted quantities.
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supersaturation (;1%) and a roughly estimated su-

persaturation relaxation time (about 100 s assuming about

1ms21 vertical velocity, and an approximately 100-m

height scale over which the supersaturation falls off to an

asymptotic value) correspond to those reported in mod-

eling studies employing supersaturation-predictingmodels

(e.g., Morrison and Grabowski 2008; Khvorostyanov and

Curry 2008). Comparison of the supersaturation values

predicted by themodel withmeasurements is not viable as

direct measurements of supersaturation in clouds are vir-

tually unavailable (Korolev and Mazin 2003).

It is worth noting here that one of the strengths of

the Lagrangian particle-based approach for repre-

senting water condensate in simulations of clouds is

the inhibition of spurious production of cloud-edge

supersaturation inherent in Eulerian models (Andrejczuk

et al. 2008, their paragraph 10 and references therein).

b. Droplet concentration

The range of drop concentration values depicted in

Figs. 2–4 falls within the range of CDNC values ob-

served during RICO and presented in Arabas et al.

FIG. 2. Height-resolved statistics of supersaturation and of the cloud droplet spectrum parameters for particles within the size range of

the Fast-FSSP instrument. Statistics derived using data from last 4 h of the sdm-coarse-8, sdm-middle-8, and sdm-high-8 model runs; see

Figs. 3 and 4 for analogous plots for other simulations. All plots in a row share the vertical axis representing height above sea level. For

each vertical model level there are six percentiles plotted representing the frequency of occurrence of a given parameter value at a given

height range. The thick blue bars depict the 45th–55th percentile range. The surrounding green bars depict the interquartile range. The

thin red lines depict the 5th–95th percentile range. See section 4 for more details.
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(2009, their Fig. 1a; Fig. 5),Gerber et al. (2008, their Fig. 4),

and Col�on-Robles et al. (2006, their Fig. 3). Profiles based

on data from model runs with SDND of 32, 128, and 512

exhibit little variability of CDNC with height with a slight

increase in values toward the top of the cloud field, which is

in accord with RICO observations. The discrepancies in

the median values and the spread of CDNC among dif-

ferent model runs show, however, that the prediction of

drop concentration is sensitive to the choice of SDND.

c. Effective radius

The effective radius profiles are robust to both grid

and SDND choices, and they do resemble the profiles

depicted in Arabas et al. (2009, their Fig. 2; Fig. 5). The

profiles show a gradual increase from the cloud base up to

the altitude of 700–800m where the median values of reff
reach 15–20mm.Above, the profiles differmore fromone

model run to another, but the flattening of the reff profile

slope is a robust feature. The reduced slope of themedian

profiles of reff reflects (i) the chosen 1–24-mm drop radius

range; (ii) the decreased efficiency, in terms of radius

change, of the condensational growth for larger droplets;

and (iii) the increased efficiency of drop collisions

reached after the initial condensational growth stage [see,

e.g., Zhang et al. (2011, their section 3.1) for discussion of

influence of precipitation on effective radius profiles].

d. Liquid water content

LWC profiles depicted in Figs. 2–4 show significant

spread of values at a given level. This is in accord with

FIG. 3. As in Fig. 2, but for model runs sdm-coarse-32, sdm-middle-32, and sdm-high-32.
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RICO observations and suggests mixing-induced di-

lution of cloud and the resultant decrease of water

content [cf. the discussion of the adiabatic fraction

profiles in Arabas et al. (2009, their Fig. 2)]. In SDM the

condensational growth and evaporation is computed

using values of supersaturation interpolated to SD po-

sitions, hence themixing scenario is not homogeneous as

different droplets are exposed to different supersatura-

tion within a single grid cell.

The decrease in LWC in the upper part of the cloud

field is correlated with an increase of rainwater mixing

ratio (not shown). In the lower part of the cloud field, the

median profiles of LWC obtained in the simulation with

middle and high grid resolution show arguably rea-

sonable agreement with LWC profiles derived from

RICO observations depicted in van Zanten et al.

(2011, their Fig. 8), Gerber et al. (2008, their Fig. 1),

and Abel and Shipway (2007, their Fig. 7), taking into

account that the referenced observations were per-

formed with different instruments having different sam-

pling rates and spectral ranges.

e. The k coefficient

The cubed ratio of the mean volume radius to the

effective radius has been used to parameterize the cloud

droplet spectrum width when representing the first

aerosol indirect effect in general circulation and climate

models (Brenguier et al. 2000). Brenguier et al. (2011)

reported that characteristic values of the k coefficient

derived from RICO Fast-FSSP measurements were

FIG. 4. As in Fig. 2, but for model runs sdm-coarse-128, sdm-middle-128, and sdm-coarse-512.
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approximately 0.86 0.1 (their Table 4 and Figs. 4 and 6).

The model-predicted median values of k fall within this

range only for simulations with SDND of 128 and 512.

Simulations with SDND of 8 predict values of k hardly

different from unity—an asymptotic value characteriz-

ing monodisperse droplet population (single SD within

the Fast-FSSP size range).

f. Drop radius standard deviation

Consistent with the behavior of the coefficient k for

low SDND, sr hardly differs from zero when SDND of

8 is used (a bias-uncorrected estimator for sr is used).

For simulations in Fig. 4 the 5th percentile of sr is

greater than zero at all levels, and the profile shape is

robust to increase of SDND from 128 to 512. Values of

sr for simulations with SDND of 128 and 512 range from

1 to 6mm. The model thus roughly matches, yet gener-

ally underestimates, the range of values found in RICO

observations reported in Arabas et al. (2009, their Fig. 1;

Fig. 5). It is worth noting here that the measurements of

cloud droplet spectral width are subject to several un-

certainties contributing to artificial broadening of the

measured size spectrum [Brenguier et al. (1998), their

section 4 and references therein]. While the design of

the Fast-FSSP instrument addresses these issues, some

inherent limitations of these measurements may in prin-

ciple still lead to potential overestimation of the mea-

sured values of sr.

Themodel-predicted values ofsr are larger than those

obtainable in adiabatic drop growth process (Yum and

Hudson 2005), suggesting that themodel does capture to

some extent themixing-induced broadening of the cloud

droplet spectrum.

5. Results: Precipitation microstructure

Analysis presented in Fig. 6 is intended for compari-

son with Baker et al. (2009, their Fig. 4) based on RICO

observations using the 2D-S instrument and classifying

particles into 61 size bins spanning the 2.5–1500-mm size

range in radius. In Baker et al. (2009) a mean size

spectrum was derived from measurements within rain

shafts below the cloud base at an altitude of 600 ft

(;183m). To derive comparable quantities from the

simulation results, the SDs in each grid cell were clas-

sified into size bins of the same layout as used by the

2D-S instrument, an altitude range of 600 6 330 ft

was chosen, and only grid cells with rainwater mixing

ratio qr . 0.001 g kg21 were taken into account.

Comparison of Fig. 6 with Baker et al. (2009, their

Fig. 4; see also the gray line in the background of Fig. 6)

reveals fair agreement with the measurements for drop

diameters greater than 500mm regardless of the grid

resolution or SDND choice. The spectra from the

simulation with highest SDNDs resemble most closely

the measurements having the lowest concentrations in

the 100–400-mm-diameter range. This is despite the

coarse grid setting, which implies that the modeled

precipitation size spectrum is more sensitive to the

model spectral resolution than to the spatial resolution

within the range of settings explored in this study. The

growing sensitivity of the results to SDND with grow-

ing particle size in the 10–100-mm range was also de-

picted in Riechelmann et al. (2012, their Fig. 8b, plotted

as a function of particle radius; diameters used herein).

All simulations disagree markedly with the measure-

ments within the 10–20-mm-diameter range where the

FIG. 5. Height-resolved statistics of CDNC, effective radius, and radius standard deviation derived from Fast-FSSP measurements

during four selected RICO flights (RF06, RF07, RF09, and RF12). Plotted data correspond to median profiles from Arabas et al. (2009,

their Figs. 1 and 2; see their section 3 for details). The measurement data have been vertically binned in the analysis presented in Arabas

et al. (2009); the bin height is indicated with vertical bars in the plot. All plots in a row share the vertical axis representing elevation above

estimated cloud-base height (CB).
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2D-S probe measured ‘‘most likely deliquesced aero-

sols’’ (Baker et al. 2009). The drop breakup process was

identified in Baker et al. (2009) as another possible

source of droplets smaller than 100mm. However, nei-

ther the drop breakup nor aerosol sources are repre-

sented in the model.

6. Summary

The macrophysical features of the simulated cloud

field do not show convergence with respect to grid res-

olution, which was also noted in previously published

results from LES sensitivity studies using the same

simulation setup. In general, the sensitivity of liquid and

rainwater path and the cloud cover to the grid resolution

is more pronounced than the sensitivity to the spectral

resolution of the simulations.

The idealized nature of the employed modeling setup

as well as the discussed inherent limitations of the sim-

ulations and the measurements still makes their com-

parison qualitative rather than quantitative. Yet, the

reasonable agreement of the presented simulated cloud

microphysical parameters with previously published

data derived from in situmeasurements suggests that the

set of processes represented in SDM includes at least

the key players involved in determining the features of

the size spectra of cloud and precipitation particles.

What militates in favor of pertinence of the obtained

results is that SDM employs fewer parameterizations in

comparison with bulk or bin models to describe processes

occurring at the microscale. In particular, SDM makes

explicit use of the K€ohler curve and aerosol size spectrum

shapes as opposed to employment of parameters such as

the exponent in Twomey’s formula for CCN activation

parameterization in bin models or the autoconversion

threshold in Kessler-type bulk models. This results in im-

proved traceability of the cloud and precipitation micro-

physical properties to the ambient aerosol characteristics.
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Abstract

This paper introduces a library of algorithms
for representing cloud microphysics in numer-
ical models written in C++, hence the name
libcloudph++. In the initial release, the library
covers three warm-rain schemes: the single-
and double-moment bulk schemes, and the
particle-based scheme with Monte-Carlo coa-
lescence. The three schemes are intended for
modelling frameworks of different dimension-
ality and complexity ranging from parcel mod-
els to multi-dimensional cloud-resolving (e.g.
large-eddy) simulations. A two-dimensional
prescribed-flow framework is used in example
simulations presented with the aim of high-
lighting the library features. Discussion of
the example results and of the formulation of
the schemes is focused on the particle-based
scheme and on comparison of its capabili-
ties and limitations with those of the bulk
schemes. The libcloudph++ and all its manda-
tory dependencies are free and open-source
software. The Boost.units library is used for
zero-overhead dimensional analysis of the code
at compile time. The particle-based scheme
is implemented using the Thrust library that
allows to leverage the power of graphics pro-
cessing units (GPU), retaining the possibil-
ity to compile the unchanged code for execu-
tion on single or multiple standard processors
(CPUs). The paper includes description of the
programming interface (API) of the library and
a performance analysis including comparison of
GPU and CPU setups.
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1. Introduction

Representation of cloud processes in numeri-
cal models is crucial for weather and climate pre-
diction. Taking climate modelling as an exam-
ple, one may learn that numerous distinct mod-
elling systems are designed in similar ways, shar-
ing not only the concepts but also the implemen-
tations of some of their components (Pennell and
Reichler, 2010). This creates a perfect opportu-
nity for code reuse which is one of the key ”best
practices” for scientific computing (Wilson et al.,
2012, sec. 6). The reality, however, is that the
code to be shared is often ”transplanted” from
one model to another (Easterbrook and Johns,
2009, sec. 4.6) rather than reused in a way en-
abling the users to benefit from ongoing devel-
opment and updates of the shared code. From
the authors’ experience, this practise is not un-
common in development of limited-area models
as well (yet, such software-engineering issues are
rarely the subject of discussion in literature). As
a consequence, there exist multiple implementa-
tions of the same algorithms but it is difficult
to dissect and attribute the differences among
them. Avoiding ”transplants” in the code is
not easy, as numerous software projects in at-
mospheric modelling feature monolithic design
that hampers code reuse.

This brings us to the conclusion that there
is a potential demand for a library-type
cloud-microphysics software package that could
be readily reused and that would enable its users
to easily benefit from developments of other re-
searchers (by gaining access to enhancements,
corrections, or entirely new schemes). Library
approach would not only facilitate collaboration,
but also reduce development time and mainte-
nance effort by imposing separation of cloud mi-
crophysics logic from other source code compo-
nents such as model dynamical core or paral-
lelisation logic. Such strict separation is also a
prerequisite for genuine software testing.

Popularity of several geoscientific-modelling
software packages that offer shared-library func-
tionality suggests soundness of such approach –
e.g., libRadtran (Mayer and Kylling, 2005) and

CLUBB (Golaz et al., 2002), cited over 500 and
100 times, respectively.

The motivation behind the development of
the libclouph++ library introduced herein is
twofold. First, we intend to exemplify the possi-
bilities of library-based code reuse in the context
of cloud modelling. Second, in the long run, we
intend to offer the community a range of tools
applicable for research on some of the key topics
in atmospheric science such as the interactions
between aerosol, clouds and precipitation – phe-
nomena that still pose significant challenges for
the existing tools and methodologies (Stevens
and Feingold, 2009).

The library is being designed with the aim
of creating a collection of algorithms to be
used within models of different dimensionality,
different dynamical cores, different parallelisa-
tion strategies, and in principle models writ-
ten in different programming languages. Pre-
sented library is written in C++, a choice mo-
tivated by the availability of high-performance
object-oriented libraries and the built-in ”tem-
plate” mechanism. C++ templates allow the
implemented algorithms not to be bound to a
single data type, single array dimensionality or
single hardware type (e.g. CPU/GPU choice).
The library code and documentation are re-
leased as free (meaning both gratis & libre) and
open-source software – a prerequisite for use
in auditable and reproducible research (Morin
et al., 2012; Ince et al., 2012).

Openness, together with code brevity and
documentation, are also crucial for enabling
the users not to treat the library as a ”black
box”. While the aim of creating a self-contained
package with well-defined interface is black-box
approach compatible, the authors encourage
users to inspect and test the code.

Modelling of atmospheric clouds and precip-
itation implies employment of computational
techniques for particle-laden flows. These are di-
vided into Eulerian and Lagrangian approaches
(see e.g. Crowe et al., 2012, Chapter 8). In
the Eulerian approach, the cloud and precipi-
tation properties are assumed to be continuous
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in space, like those of a fluid. In the Lagrangian
approach, the so-called computational particles
are tracked through the model domain. Informa-
tion associated with those particles travels along
their trajectories. The local properties of a given
volume can be diagnosed taking into account the
properties of particles contained within it. The
Eulerian approach is well suited for modelling
transport of gaseous species in the atmosphere
and hence is the most common choice for mod-
elling atmospheric flows in general. This is why
most cloud microphysics models are build using
the Eulerian concept (Straka, 2009, e.g chap-
ter 9.1). However, it is the Lagrangian approach
that is particularly well suited for dilute flows
such as those of cloud droplets and rain drops in
the atmosphere.

In the current initial release, libcloudph++ is
equipped with implementations of three distinct
models of cloud microphysics. All three be-
long to the so-called warm-rain class of schemes,
meaning they cover representation of processes
leading to formation of rain but they do not
cover representation of the ice phase (snow,
hail, graupel, etc.). The so-called single-moment
bulk and double-moment bulk schemes de-
scribed in sections 3 and 4 belong to the Eu-
lerian class of methods. In section 5, a cou-
pled Eulerian-Lagrangian particle-based scheme
is presented. In the particle-based scheme,
Lagrangian tracking is used to represent the
dispersed phase (atmospheric aerosol, cloud
droplets, rain drops), while the continuous phase
(moisture, heat) is represented with the Eule-
rian approach. Description of each of the three
schemes is aimed at providing a complete set of
information needed to use it, and includes:

— discussion of key assumptions,
— formulation of the schemes,
— definition of the Application Programming In-

terface (API)
— overview of the way a given scheme is imple-

mented,
— example results.

The particle-based scheme, being a novel ap-
proach to modelling clouds and precipitation,

is discussed in more detail than the bulk
schemes.

Sections covering descriptions of the APIs in-
clude C++ code listings of all data structure
definitions and function signatures needed to use
the library. In those sections, C++ nomencla-
ture is used without introduction (for reference,
see Brokken, 2013, that includes C++11 used in
the presented code). Sections covering scheme
formulation feature cloud-modelling nomencla-
ture (see appendix A for a brief introduction
and further reading). In general, it is our ap-
proach not to repeat in the text the referenced
formulæ readily available in recent papers, but
only to include equations that are specific to the
presented formulation and its implementation.

Before introducing the three implemented
schemes in sections 3-5, formulation of an exam-
ple modelling context is presented in section 2.1.
Section 6 presents a performance evaluation of
all three schemes. Section 7 provides a summary
of the key features of libcloudph++ and outlines
the development plans for the next releases.

Appendix A contains an outline of gov-
erning equations for moist atmospheric flow.
Appendix B contains a list of symbols used
throughout the text. Appendix C covers de-
scription of a program called icicle that depends
on libcloudph++ and is used to perform the
example 2D simulations presented throughout
the text.

2. Modelling context example

Being a library, libcloudph++ does not con-
stitute a complete modelling system. It is a set
of reusable software components that need to be
coupled at least with a dynamical core respon-
sible for representing air motion. In this section
we describe an example context in which the li-
brary may be used. The three following sub-
sections cover description of a modelling frame-
work, a set-up including initial conditions, and
a conceptual numerical solver. Example results
obtained with these simulation components are
presented alongside the microphysics schemes in
sections 3, 4 and 5.

3
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2.1. 2D kinematic framework

The formulation is inspired by the 2D kine-
matic framework described in Szumowski et al.
(1998); Morrison and Grabowski (2007); Rasin-
ski et al. (2011). A simple 2D kinematic frame-
work mimicking air motion in a cloud allows
(and limits) one to study cloud microphysical
processes decoupled from cloud dynamics. In
fact, the differences between simulations when
feedback on the dynamics is taken out can lead
to better understanding of the role of flow dy-
namics (e.g. Slawinska et al., 2009). Such ap-
proach results in a computationally cheap yet
still insightful set-up of potential use in: (i) de-
velopment and testing of cloud-processes param-
eterisations for larger scale models; (ii) studying
such processes as cloud processing of aerosols;
and (iii) developing remote-sensing retrieval pro-
cedures involving detailed treatment of cloud mi-
crophysics.

The primary constituting assumption is the
stationarity of the dry-air density (here, a ver-
tical profile ρd(z) is used) which allows to pre-
scribe the 2D velocity field using a streamfunc-
tion:

{
ρd · u = −∂zψ
ρd · w = ∂xψ

(1)

where ψ = ψ(x, z; t) is the streamfunction and
u and w denote horizontal and vertical compo-
nents of the velocity field ~u.

As a side note, one may notice that the sta-
tionarity of the dry-air density field together
with phase-change-related variations in time of
temperature and water vapour mixing ratio im-
ply time variations of the pressure profile. The
deviations from the initial (hydrostatic) profile
are insignificant.

2.2. 8th ICMW VOCALS set-up

Sample simulations presented in the follow-
ing sections are based on a modelling set-up
designed for the 8th International Cloud Mod-
elling Workshop (ICMW Muhlbauer et al., 2013,
case 1). It was designed as a simplest scenario
applicable for benchmarking model capabilities
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Figure 1. The constant-in-time velocity field
used in the presented 2D simulations. See dis-

cussion of equations 1 and 2.

for research on aerosol processing by clouds. The
cloud depth and aerosol characteristics are cho-
sen to allow precipitation to develop over time
and to mimic a drizzling stratocumulus cloud.

The set-up uses a kinematic framework of the
type defined in the preceding subsection. The
definition of ψ(x, z) is the same as in Rasinski
et al. (2011, Eq. 2):

ψ(x, z) = −wmax
X

π
sin
(
π
z

Z

)
cos
(

2π
x

X

)
(2)

with wmax = 0.6 m s-1, domain width X =
1.5 km and domain height Z = 1.5 km. The
resulting velocity field (depicted in Figure 1)
mimics an eddy spanning the whole domain, and
thus covering an updraught and a downdraught
region. The domain is periodic in horizontal. To
maintain flow incompressibility up to round-off
error, velocity components (cf. eq. 1) are de-
rived from (2) using numerical differentiation
formulæ for a given grid type (Arakawa-C grid
is used in the examples presented in the paper).

The initial profiles of liquid-water potential
temperature θl and the total water mixing ra-
tio rt are defined as constant with altitude (θl =
289 K; rt = 7.5 g kg-1). The initial air-density
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profile corresponds to hydrostatic equilibrium
with a pressure of 1015 hPa at the bottom of the
domain. This results in supersaturation in the
upper part of the domain, where a cloud deck is
formed in the simulations.

The domain is assumed to contain aerosol par-
ticles. Their dry size spectrum is a bi-modal
log-normal distribution:

N(rd)=
∑

m

Nm√
2 π ln(σm)

1

rd
exp

[
−
(

ln( rd
rm

)
√

2ln(σm)

)2]
(3)

with the following parameters (values close to
those measured in the VOCALS campaign Allen
et al., 2011, Table 4):

σ1 =1.4; d1 =0.04 µm; N1 =60 cm−3

σ2 =1.6; d2 =0.15 µm; N2 =40 cm−3

where σ1,2 is the geometric standard deviation,
d1,2 = 2 · r1,2 is the mode diameter and N1,2

is the particle concentration at standard condi-
tions (T=20◦C and p=1013.25 hPa). This corre-
sponds to a vertical gradient of concentration in
the actual conditions of the model set-up due to
air density changing with height, and a gradual
shift towards larger sizes of wet particle spec-
trum (due to relative humidity changing with
height). Both modes of the distribution are as-
sumed to be composed of ammonium sulphate.

For models that include a description of the
cloud droplet size spectrum, the initial data
for the droplet concentration and size are to
be obtained by initialising the simulation with
a two-hour-long spin-up period. During the
spin-up, precipitation formation and cloud drop
sedimentation are switched off. The spin-up pe-
riod is intended to adjust an initial cloud droplet
size spectrum (not specified by the setup) to an
equilibrium state matching the formulation of
cloud microphysics with the prescribed flow.

One may chose to initialise the model with
θ = θl and rv = rt, and no condensed water (as
it was done in the examples presented in this
paper). This simplifies initialisation, but results
in an unrealistic initial supersaturation that may
be an issue for a given microphysics scheme. One
may chose to impose a limit on the supersatura-

tion, say 5% (RH=1.05), when activating cloud
drops during the spin-up.

To maintain steady mean temperature and
moisture profiles (i.e. to compensate for grad-
ual water loss due to precipitation and warm-
ing of the boundary layer due to latent heating),
mean temperature and moisture profiles are re-
laxed to the initial profile. The temperature and
moisture equations include an additional source
term in the form −(φ0− <φ>)/τ , where φ0,
<φ> and τ are the initial profile, the horizon-
tal mean of φ at a given height and the relax-
ation time scale, respectively. The relaxation
time scale τ is height-dependant (mimicking ef-
fects of surface heat fluxes) and is prescribed
as τ = τrlx · exp(z/zrlx) with τrlx = 300 s and
zrlx = 200 m. Note that such formulation does
not dump small-scale perturbations of φ, but
simply shifts the horizontal mean toward φ0.

The grid is composed of 75×75 cells of equal
size (hence the grid steps are 20 m in both direc-
tions). The timestep is one second.

2.3. A conceptual solver

Example calling sequences for libcloudph++’s
API are described in the following sections us-
ing a conceptual solver depicted in the diagram
in Figure 2. The conceptual solver is meant to
perform numerical integration of a system of het-
erogeneous transport equations, each equation of
the form:

∂tρi +∇ · (~uρi) = ρ̇i (4)

where ρi is the density of the advected con-
stituent, ~u is the velocity field, and the dotted
right-hand-side term ρ̇i depicts sources (see also
appendix A). The solver logic consists of five
steps executed in a loop, with each loop repe-
tition advancing the solution by one timestep.
Each of the first four integration steps is anno-
tated in Figure 2 and described in the following
paragraph. The final step does data output and
is performed conditionally every few timesteps.

Besides the right-hand-side terms, the inte-
gration procedure provides for representation of
sources using what is hereinafter referred to as

5
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solver

advect

ρi = ADV(ρi, ~C)
adjust

ρi = ADJ(ρi)

update rhs terms

ρ̇i = RHS(ρi)

apply rhs terms

ρi += ∆t · ρ̇i

output

ρ; . . .

if time for outputif time for output

for each timestepfor each timestep

Figure 2. A sequence diagram depicting con-
trol flow in a conceptual solver described in sec-
tion 2.3. This solver design is extended with
libcloudph++ API calls in diagrams presented
in Figures 3, 5 and 7. The diagram structure is
modelled after the Unified Modeling Language
(UML) sequence diagrams. Arrows with solid
lines depict calls, while the dashed arrows depict
returns from the called code. Individual solver
steps are annotated with labels expressed in
semi-mathematical notation and depicting key
data dependencies. Model state variables are
named ρi, their corresponding rhs terms are
named ρ̇i. If a symbol appears on both sides
of the equation, the programming-like assign-
ment notation is meant, in which the old value
of the symbol is used prior to assignment (e.g.

ρi = ADV(ρi, ~C)). ADV, ADJ and RHS de-
pict all operations the solver does during the ad-
vection, adjustment and right-hand-side update

steps, respectively.

adjustments. Adjustments are basically all mod-
ifications of the model state that are not repre-
sentable as right-hand-side terms (e.g. due to
not being formulated as time derivatives). Ad-
justments are done after advecting but before
updating right-hand-side terms.

The proposed solver design features
uncentered-in-time integration of the
right-hand-side terms. It is just a simple
example intended to present the library API.
The library code itself is not bound to this
particular solver logic. We refer the reader
to Grabowski and Smolarkiewicz (2002) for
discussion of higher-order integration techniques
for moist atmospheric flows.

3. Single-moment bulk scheme

A common approach to represent cloud wa-
ter and precipitation in a numerical simulation
is the so-called single-moment bulk approach.
The concepts behind it date back to the sem-
inal works of Kessler (1995, section 3, and ear-
lier works cited therein). The constituting as-
sumption of the scheme is the division of water
condensate into two categories: cloud water and
rain water. The term single-moment refers to
the fact that only the total mass (proportional
to the third moment of the particle size distri-
bution) of water per category (cloud or rain) is
considered in the model formulation.

In an Eulerian framework, two transport
equations for the cloud water density ρc and the
rain water density ρr are solved (in addition to
the state variables ρe and ρv representing heat
and moisture content, respectively, see Table 1
for a list of model-state variables in all schemes
discussed in the paper).

Single-moment bulk microphysics is a simplis-
tic approach. Without information about the
shape of droplet size distribution, the model is
hardly capable of being coupled with a descrip-
tion of aerosol- or radiative-transfer processes.

6
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Table 1. State variables for the three implemented schemes. Number of state variables times the
number of Eulerian grid cells plus number of particle attributes times the number of Lagrangian com-
putational particles gives an estimation of the memory requirement of a given scheme. See appendix B

for symbol definitions.

Eulerian (PDE) Lagrangian (ODE)
state variables particle attributes

1-moment bulk ρe, ρv, ρc, ρr —
2-moment bulk ρe, ρv, ρc, ρr, nc, nr —
particle-based ρe, ρv r3

d, r
2
w, N , κ

3.1. Formulation

3.1.1. Key assumptions

The basic idea is to maintain saturation
in the presence of cloud water. Condensa-
tion/evaporation of cloud water triggered by su-
persaturation/subsaturation happens instanta-
neously. Rain water forms through autocon-
version of cloud water into rain (the negligible
condensation of rain water is not represented).
Autoconversion happens only after a prescribed
threshold of the cloud water density is reached.
Subsequent increase in rain water is also possible
through the accretion of cloud water by rain.

Cloud water is assumed to follow the airflow,
whereas rain water falls relative to the air with
sedimentation velocity. Rain water evaporates
only after all available cloud water has been
evaporated and saturation is still not reached.
In contrast to cloud water, rain water evapora-
tion does not happen instantly. Rain evapora-
tion rate is a function of relative humidity, and
is parameterised with an assumed shape of the
raindrop size distribution.

3.1.2. Phase changes

Phase changes of water are represented with
the so-called saturation adjustment procedure.
Unlike in several other formulations of the sat-
uration adjustment procedure (cf. Straka, 2009,
chapt. 4.2), here it covers not only cloud water
condensation and evaporation, but also rain wa-
ter evaporation.

Any excess of water vapour with respect to
saturation is instantly converted into cloud wa-
ter, bringing the relative humidity to 100%.
Similarly, any deficit with respect to saturation

causes instantaneous evaporation of liquid wa-
ter. The formulation of the saturation adjust-
ment procedure is given here making the latent
heat release equation a starting point. The heat
source depicted with ∆ρe is defined through two
integrals, the first representing condensation or
evaporation of cloud water, and the second one
representing rain evaporation:

∆ρe =

ρ′v∫

ρv

dρe
dρv

dρv +

ρ′′v∫

ρ′v

dρe
dρv

dρv (5)

∆ρv = (ρ′v − ρv)︸ ︷︷ ︸
−∆ρc

+ (ρ′′v − ρ′v)︸ ︷︷ ︸
−∆ρr

(6)

where dρe/dρv = dθ/drv = −θlv/cpdT (cf. eq. 41 in ap-
pendix A) and the integration limit ρ′v for cloud
water condensation/evaporation is:

ρ′v =





ρ′vs ρv > ρvs

ρ′vs ρv ≤ ρvs ∧ ρc ≥ ρ′vs − ρv
ρv + ρc ρv ≤ ρvs ∧ ρc < ρ′vs − ρv

(7)

where ρ′vs = ρvs(ρd, ρ
′
e, ρ
′
v) is the saturation

vapour density evaluated after the adjustment.
The first case above corresponds to supersatura-
tion. The second and third cases correspond to
subsaturation with either enough or insufficient
amount of cloud water to bring the air back to
saturation.

When saturation is reached through conden-
sation or evaporation of the cloud water, the
second integral in (5) representing evaporation
of rain vanishes. If not enough cloud water is
available to reach saturation through evapora-
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tion, the integration continues with the limit ρ′′v
defined as follows:

ρ′′v =





ρ′v ρ′v = ρ′vs
ρ′′vs ρ′v < ρ′vs ∧ δρr ≥ ρ′′vs − ρ′v
ρ′v + δρr ρ′v < ρ′vs ∧ δρr < ρ′′vs − ρ′v

(8)

where δρr depicts the limit of evaporation of
rain within one timestep. Here, it is parame-
terised as δρr = min(ρr,∆t ·ρdEr) with Er being
the evaporation rate of rain estimated following
Grabowski and Smolarkiewicz (1996, eq. 5c) us-
ing the formula of Ogura and Takahashi (1971,
eq. 25). As with ρ′vs, here ρ′′vs = ρvs(ρd, ρ

′′
e , ρ
′′
v).

Noteworthy, the name adjustment corre-
sponds well with the adjustments solver step in-
troduced in section 2.3 as the procedure defined
above is formulated through integration over
vapour density rather than time (see also discus-
sion of eq. 3a in Grabowski and Smolarkiewicz,
1990).

3.1.3. Coalescence

Collisions and coalescence between droplets
are modelled with two separate processes: auto-
conversion and accretion. Autoconversion rep-
resents collisions between cloud droplets only,
while accretion refers to collisions between rain
drops and cloud droplets. Both are formu-
lated (parameterised) in a phenomenological
manner as right-hand-side (rhs) terms following
Grabowski and Smolarkiewicz (1996, eq. 5c) us-
ing the Kessler’s formulæ. See Wood (2005) for a
recent review of how these formulations compare
with other bulk warm-rain schemes.

In the Kessler’s formulation, autoconversion
source term is proportional to max(ρc−ρdrc0, 0),
where the value of the mixing-ratio threshold rc0
effectively controls the onset of precipitation in
the simulation. Values of rc0 found in literature
vary from 10−4 to 10−3 kg/kg (Grabowski and
Smolarkiewicz, 1996).

3.1.4. Sedimentation

Representation of sedimentation of rain water
is formulated as a rhs term. Another commonly
used approach is to alter the vertical component

of the Courant number when calculating advec-
tion. Here, the rhs term is formulated employing
the upstream advective scheme:

ρ̇new
r = ρ̇old

r − (Fin − Fout) (9)

Fin = Fout|above (10)

Fout = − ρr
∆z

[vt(ρr|below) + vt(ρr)]

2
(11)

where old and new superscripts are introduced to
indicate that ρ̇r is a sum of multiple terms, the
one representing sedimentation being only one of
them. The |above and |below symbols refer to grid
cell sequence in a column, vt is the rain termi-
nal velocity parameterised as a function of rain
water density (eq. 5d in Grabowski and Smo-
larkiewicz, 1996), and Fin and Fout symbolise
fluxes of ρr through the grid cell edges.

Employment of the upstream scheme brings
several consequences. First, unlike the cellwise
phase-change and coalescence formulation, the
sedimentation scheme is defined over a grid col-
umn. Second, the combination of terminal veloc-
ity, vertical grid cell spacing ∆z and the timestep
∆t must adhere to the Courant condition (cf.
discussion in Grabowski and Smolarkiewicz,
2002). Last but not least, the upstream algo-
rithm introduces numerical diffusion, that can
be alleviated by application of a higher-order ad-
vection scheme Smolarkiewicz (e.g., MPDATA,
cf. 2006, and references therein).

3.2. Programming interface

3.2.1. API elements

The single-moment bulk scheme’s API con-
sists of one structure (composite data type)
and three functions, all defined within the
libcloudph::blk 1m namespace. The sepa-
ration of the scheme’s logic into the three
functions is done first according to the con-
ceptual solver design (i.e. separation of rhs
terms and adjustments), and second accord-
ing to a data-dependency criterion (i.e. cell-
wise or columnwise calculations). In case of the
single-moment bulk scheme, the three functions
actually correspond to the three represented pro-
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solver libcloudph++

advect

adjust

call adj elementwise(ρd, ρe, ρv, ρc, ρr)

condensationmodifies: ρe, ρv, ρc, ρr

update rhs terms

call rhs elementwise(ρd, ρc, ρr)

coalescencemodifies: ρ̇c, ρ̇r

call rhs columnswise(ρd, ρr)

sedimentationmodifies: ρ̇r

apply rhs terms

output

if time for outputif time for output

for each timestepfor each timestep

Figure 3. Sequence diagram of libcloudph++ API calls for the single-moment bulk scheme and a
prototype transport equation solver. Diagram discussed in section 3.2.2. See also caption of Figure 2

for description or diagram elements.

cesses, namely phase changes (cellwise adjust-
ments), coalescence (cellwise rhs terms) and sed-
imentation (columnwise rhs term). Sedimenta-
tion is the only process involving columnwise
traversal of the domain (note the |above and |below

symbols in eq. 9-11).
The blk 1m::opts t structure (Listing 3.1)

is intended for storing options of the scheme
for a given simulation. The template parameter

real t controls floating point format (e.g., float,
double, long double, . . . ). The structure fields
include flags for toggling individual processes,
a value of autoconversion threshold rc0, and an
absolute tolerance used in numerically integrat-
ing the integrals in equation 5. By default all
processes are enabled, rc0 = 5× 10−4 kg/kg and
the tolerance is set to 2× 10−5 kg/kg. All three
functions from the single-moment bulk scheme’s
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Figure 4. Example results from a 2D kinematic simulation using the single-moment bulk scheme. All
panels depict model state after 30 minutes simulation time (excluding the spin-up period). Note log-

arithmic colour scale for rain water plots. See section 3.4 for discussion.

template<typename real_t>

struct opts_t {

bool

cond = true, // condensation

cevp = true, // evaporation of cloud

revp = true, // evaporation of rain

conv = true, // autoconversion

accr = true, // accretion

sedi = true; // sedimentation

real_t

r_c0 = 5e-4, // autoconv. threshold

rho_eps = 2e-5; // absolute tolerance

};

Listing 3.1: blk 1m::options structure defini-
tion

API expect an instance of opts t as their first
parameter (see Listings 3.2-3.4).

The saturation adjustment of state variables
(cf. section 3.1.2) is obtained through a call to
the blk 1m::adj cellwise() function (signature
in Listing 3.2). The additional template param-
eter cont t specifies the type of data container
used for passing model state variables. The
function expects cont t to be equipped with
STL-style1 iterator interface (e.g., the standard
std::vector class or a Blitz++ array slice as
it is used in the example code described in ap-

1 C++ Standard Template Library

pendix C). The function arguments include ref-

template <typename real_t, class cont_t>

void adj_cellwise(

const opts_t<real_t> &opts,

const cont_t &rho_d_cont,

cont_t &rho_e_cont,

cont_t &rho_v_cont,

cont_t &rho_c_cont,

cont_t &rho_r_cont,

const real_t &dt

)

Listing 3.2: blk 1m::adj cellwise() function
signature

erences to containers storing ρd (read-only) and
ρe, ρv, ρc, ρr (to be adjusted). The last argument
dt is the timestep length needed to calculate the
precipitation evaporation limit (see discussion of
eq. 8).

Forcings due to autoconversion and ac-
cretion are obtained through a call to the
blk 1m::rhs cellwise() function whose signa-
ture is given in Listing 3.3. The function modi-
fies ρ̇c and ρ̇r by adding the computed rhs terms
to the values already present in ρ̇c and ρ̇r. The
function needs read-access to values of ρd, ρc and
ρr passed as the last three arguments.

Representation of sedimentation is included in
a separate function rhs columnwise() (signa-
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template <typename real_t, class cont_t>

void rhs_cellwise(

const opts_t<real_t> &opts,

cont_t &dot_rho_c_cont,

cont_t &dot_rho_r_cont,

const cont_t &rho_d_cont,

const cont_t &rho_c_cont,

const cont_t &rho_r_cont

)

Listing 3.3: blk 1m::rhs cellwise() function
signature

ture in Listing 3.4) as it is applicable only to
simulation frameworks for which a notion of a
column is valid (e.g. not applicable to a parcel
framework). The passed cont t references are
assumed to point to containers storing vertical
columns of data with the last element placed at
the top of the domain. The last argument dz is
the vertical grid spacing.

template <typename real_t, class cont_t>

real_t rhs_columnwise(

const opts_t<real_t> &opts,

cont_t &dot_rho_r_cont,

const cont_t &rho_d_cont,

const cont_t &rho_r_cont,

const real_t &dz

)

Listing 3.4: blk 1m::rhs columnwise() func-
tion signature

3.2.2. Example calling sequence

With the prototype solver concept defined in
section 2.3, all three functions described above
are called once per each timestep. The diagram
in Figure 3 depicts the sequence of calls. As
suggested by its name, the adj cellwise() func-
tion (covering representation of phase changes)
is called within the adjustments step. Functions
rhs cellwise() and rhs columnwise() cover-
ing representation of coalescence and sedimen-
tation, respectively, are both called during the
rhs-update step.

3.3. Implementation overview

The single-moment bulk scheme is imple-
mented as a header-only C++ library. It re-
quires a C++11-compliant compiler.

Variables, function arguments and return val-
ues of physical meaning are typed using the
Boost.units classes (Schabel and Watanabe,
2008). Consequently, all expressions involving
them are subject to dimensional analysis at com-
pile time (incurring no runtime overhead). This
reduces the risk of typo-like bugs (e.g. divide
instead of multiply by density) but also aids the
verification of the model formulæ.

The integrals in equation 5 defining the sat-
uration adjustment procedure are computed us-
ing the Boost.Numeric.Odeint library (Ahnert
and Mulansky, 2013). Noteworthy, Odeint offers
compatibility with Boost.units. The container
traversals (e.g., iteration over elements of a set
of array slices or a set of vectors) are performed
using the Boost.Iterator library.

3.4. Example results

The simulation framework and setup de-
scribed in section 2 and implemented using lib-
cloudph++ as described in appendix C were
used to perform an example simulation with the
single-moment bulk scheme. Integration of the
transport equations was done using MPDATA
(Smolarkiewicz, 2006) in its basic form (sin-
gle corrective step, nonoscillatory option turned
off). Figure 4 presents a snapshot of cloud
and rain water fields after 30 minutes simulation
time (excluding the spin-up period). The cloud
deck is located in the upper part of the domain
with the cloud water content increasing from the
cloud base up to the upper boundary of the do-
main. The model has reached a quasi-stationary
state and features a drizzle shaft that forms in
the updraught region in the left-hand side of the
domain. The quasi-stationary state was pre-
ceded by a transient rainfall across the entire
domain in the first minutes of the simulation
caused by the initial cloud water content exceed-
ing the autoconversion threshold in the upper
part of the entire cloud deck.

11

78 Appendix A.



4. Double-moment bulk scheme

A common extension of the single-moment
bulk approach is a double-moment bulk scheme.
Similarly to the single-moment approach, the
double-moment warm-rain scheme assumes that
condensed water is divided into two categories:
cloud water and rain water. In addition to the
total mass of water in both categories, concen-
trations of droplets and drops are also predicted.
As a result, the scheme considers two moments
of particle size distribution, hence the name. In
the Eulerian framework, four transport equa-
tions for cloud water concentration nc, cloud
water density ρc, rain water concentration nr
and rain water density ρr are solved (see table 1
for a list of model-state variables). With addi-
tional information on the shape of cloud-droplet
and rain size spectra, the double-moment bulk
microphysics scheme is better suited than the
single-moment scheme for coupling to aerosol
and radiative-transfer models

The double-moment scheme implemented in
libcloudph++ was introduced by Morrison and
Grabowski (2007). Their scheme includes, in
particular, prediction of the supersaturation.
This makes it well suited for depicting impacts
of aerosol on clouds and precipitation. However,
the scheme does not keep track of the changes
of aerosol size distribution, and hence excludes
impacts of clouds and precipitation on aerosol.

4.1. Formulation

4.1.1. Key assumptions

The model assumes aerosol, cloud and rain
spectra shapes (lognormal, gamma and expo-
nential, respectively). Aerosol is assumed to be
well mixed throughout the whole domain and
throughout the whole simulation time (uniform
concentration per unit mass of dry air). Cloud
water forms only if some of the aerosol parti-
cles are activated due to supersaturation. Ac-
tivation and subsequent growth by condensa-
tion are calculated applying the predicted su-
persaturation. As in the single-moment scheme,
rain water forms through autoconversion and is
further increased by accretion. Prediction of

mean size of cloud droplets and rain drops al-
lows to better link the parameterisation of au-
toconversion and accretion to actual solutions
of the collision-coalescence equation. As in the
single-moment scheme, cloud water is assumed
to follow the airflow, whereas rain water falls
relative to the air. Evaporation of cloud and
rain water is included in the formulation of phase
changes and considers the negligible diffusional
growth of rain water.

4.1.2. Phase changes

Cloud droplets form from activated aerosol.
The number of activated droplets is derived by
applying Köhler theory to assumed multi-modal
lognormal size distribution of aerosols. Freshly
activated cloud droplets are assumed to have
the radius of 1 µm; for full derivation see
Morrison and Grabowski (2007, eqs. 9-13) and
Khvorostyanov and Curry (2006). The concen-
trations of activated droplets are computed sep-
arately for each mode of the aerosol size distri-
bution and then summed.

The size distribution of aerosols is not resolved
by the model. To take into account the decrease
of aerosol concentration due to previous activa-
tion, in each timestep the number of available
aerosols is approximated as the difference be-
tween initial aerosol concentration and the con-
centration of preexisting cloud droplets. Note
that this is approximation is valid for weakly
precipitating clouds only. For a strongly raining
cloud, the model should include an additional
variable, the concentration of activated cloud
droplets. It differs from the droplet concentra-
tion because of collision-coalescence (see Eqs. 7
and 8 in (Morrison and Grabowski, 2008)).

The changes in cloud and rain water due
to condensation and evaporation follow eq. (8)
in Morrison and Grabowski (2007) with the
phase relaxation times computed following
eq. (4) in Morrison et al. (2005) adapted to fall
speed parameterisation used in Morrison and
Grabowski (2007).

The decrease in number concentration of
cloud and rain water due to evaporation fol-
low Khairoutdinov and Kogan (2000). Cloud
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droplet concentration is kept constant during
evaporation, until all cloud water has to be re-
moved. Rain drop concentration decreases dur-
ing evaporation preserving the mean size of rain
(drizzle) drops.

4.1.3. Coalescence

Parameterisation of autoconversion and accre-
tion follows Khairoutdinov and Kogan (2000)
(see Wood (2005, table 1) for formulæ in SI
units). In contrast to the single-moment scheme,
the autoconversion rate is a continuous function,
and the rain onset is not controlled by a single
threshold. Drizzle drops formed due to autocon-
version are assumed to have initial radius of 25
µm.

4.1.4. Sedimentation

Sedimentation is calculated in the same
way as in the single-moment scheme (see sec-
tion 3.1.4), employing upstream advection. Sed-
imentation velocities (mass-weighted for the rain
density and number-weighted for the rain drop
concentration) are calculated applying drop ter-
minal velocity formulation given in Simmel et al.
(2002, Table 2). Sedimentation velocity is mul-
tiplied by ρd0/ρd to follow eq. A4 in Morrison
et al. (2005), where ρd0 is the density of dry air
at standard conditions.

4.2. Programming interface

4.2.1. API elements

The double-moment bulk scheme’s API re-
sembles closely the single-moment one. It
consists of one structure and two functions,
all defined within the libcloudphxx::blk 2m
namespace.

The structure blk 2m::opts t holds scheme’s
options, its definition is provided in Listing 4.1.
Besides process-toggling Boolean fields, it stores
the parameters of the aerosol used in parame-
terising activation, that is the parameters of the
lognormal size distribution (see eq. 3) and the
parameter β defining the solubility of aerosol
(see Khvorostyanov and Curry, 2006, sec. 2.1).

template<typename real_t>

struct opts_t

{

bool

acti = true, // activation

cond = true, // condensation

acnv = true, // autoconversion

accr = true, // accretion

sedi = true; // sedimentation

// RH limit for activation

real_t RH_max = 44;

// aerosol spectrum

struct lognormal_mode_t

{

real_t

mean_rd, // [m]

sdev_rd, // [1]

N_stp, // [m-3] @STP

chem_b; // [1]

};

std::vector<lognormal_mode_t> dry_distro;

};

Listing 4.1: blk 2m::options structure defini-
tion

All processes are represented as
right-hand-side terms in the double-moment
scheme. Contributions to the rhs terms due
to phase changes and coalescence are obtained
through a call to blk 2m::rhs cellwise() (see
Listing 4.2). As in the single-moment bulk
scheme’s API, contribution from sedimentation
to the rhs terms can be computed by calling
blk 2m::rhs columnwise() (Listing 4.3).

The meaning of template parameters
and function arguments is analogous to
the single-moment bulk scheme’s API (see
section 3.2). The computed values of rhs terms
are added (and not assigned) to the arrays
passed as arguments.

The cellwise-formulated processes are han-
dled in the following order: activation, conden-
sation/evaporation of cloud droplets, autocon-
version, accretion, condensation/evaporation of
rain. In principle, there is no guarantee that the
summed contributions from all those processes,
multiplied by the timestep, are smaller than the
available water contents or droplet concentra-
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template <typename real_t, class cont_t>

void rhs_cellwise(

const opts_t<real_t> &opts,

cont_t &dot_rho_e_cont,

cont_t &dot_rho_v_cont,

cont_t &dot_rho_c_cont,

cont_t &dot_n_c_cont,

cont_t &dot_rho_r_cont,

cont_t &dot_n_r_cont,

const cont_t &rho_d_cont,

const cont_t &rho_e_cont,

const cont_t &rho_v_cont,

const cont_t &rho_c_cont,

const cont_t &n_c_cont,

const cont_t &rho_r_cont,

const cont_t &n_r_cont,

const real_t &dt

)

Listing 4.2: blk 2m::rhs cellwise() function
signature

template <typename real_t, class cont_t>

real_t rhs_columnwise(

const opts_t<real_t> &opts,

cont_t &dot_rho_r_cont,

cont_t &dot_n_r_cont,

const cont_t &rho_d_cont,

const cont_t &rho_r_cont,

const cont_t &n_r_cont,

const real_t &dt,

const real_t &dz

)

Listing 4.3: blk 1m::rhs columnwise() func-
tion signature

tions. Application of such rhs terms could result
in negative values of water contents or concen-
trations. To prevent that, each contribution to
the rhs term evaluated within rhs cellwise() is
added to the array ρ̇i passed as argument using
the following rule:

ρ̇new
i = min

(
ρ̇?i ,

ρi + ∆t · ρ̇old
i

∆t

)
(12)

where ρ̇old
i is the value obtained in evaluation

of previously-handled processes, ρ̇?i is the value
according to model formulæ, and ρ̇new

i is the
augmented value of rhs term that guarantees
non-negative values of ρi after its application.
The same rule is applied when evaluating values
of outgoing fluxes Fout from equation 9 when cal-
culating rhs term within rhs columnwise().

4.2.2. Example calling sequence

A diagram with an example calling se-
quence for the double-moment scheme is pre-
sented in figure 5. The only difference from
the single-moment bulk scheme’s calling se-
quence presented in section 3.2.2 is the lack
of an adjustments step. Condensation is rep-
resented using right-hand-side terms and is
computed together with coalescence in the
blk 2m::rhs cellwise().

4.3. Implementation overview

The implementation of the double-moment
scheme follows closely the implementation of
the single-moment scheme (see section 3.3).
It’s a header-only C++ library, using
Boost.units classes for dimensional analysis
and Boost.Iterator for iterating over sets of
array slices.

4.4. Example results

Simulations presented in Section 3.4 were re-
peated with the double-moment scheme. Fig-
ure 6 presents a snapshots of the cloud and rain
water content as well as the cloud and rain drop
concentration fields after 30 minutes simulated
time (excluding the spin-up period). Because of
large differences in the predicted rain, rain water
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solver libcloudph++

advect

adjust (extrinsic)

update rhs terms

call rhs elementwise(ρd, ρe, ρv, ρc, ρr, nc, nr)

condensation

coalescencemodifies: ρ̇e, ρ̇v, ρ̇c, ρ̇r, ṅc, ṅr

call rhs columnswise(ρd, ρr, nr)

sedimentationmodifies: ρ̇r, ṅr

apply rhs terms

output

if time for outputif time for output

for each timestepfor each timestep

Figure 5. Sequence diagram of libcloudph++ API calls for the double-moment bulk scheme and a
prototype transport equation solver. Diagram discussed in section 4.2.2. See also caption of Figure 2

for description or diagram elements.

content and concentration are plotted using log-
arithmic colour scale in order to keep the same
colour range for all three presented schemes.

Similarly to the results from the
single-moment scheme presented in Figure 4,
cloud water content increases from the cloud
base almost up to the upper boundary of
the domain. However, unlike in the case of
the single-moment scheme, the cloud deck in
Figure 6 features a ”cloud hole” above the
downdraught region. The rain forms in the
upper part of the updraught and is advected

into the downdraught region in the right-hand
side of the domain. The double-moment
simulation at the thirtieth minute is still to
reach the quasi-stationary state. This is because
of the differences in the parameterisation of
autoconversion that lead to different timing of
the precipitation onset.

The cloud droplet concentration plot reveals
that the model captures the impact of the cloud
base vertical velocity (and hence the supersatu-
ration) on the concentration of activated cloud
droplets. The highest concentrations are found
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Figure 6. Example results from a 2D kinematic simulation using the double-moment bulk scheme.
All panels depict model state after 30 minutes simulation time (excluding the spin-up period). Note

logarithmic colour scale for rain water plots. See section 4.4 for discussion.

near the updraught axis, and the lowest near
the updraught edges. The difference in shapes
of the rain water concentration nr and the rain
water content ρr fields arguably comes from the
different fall velocities of nr and ρr.

5. Particle-based scheme

The third scheme available in libcloudph++
differs substantially from the other two bulk
schemes. It does not treat water condensate
as continuous medium. Instead, the scheme
employs Lagrangian tracking of particles that

represent atmospheric aerosol, cloud and driz-
zle droplets, and rain drops. However, volumes
relevant to atmospheric flows contain far too
many particles to be individually represented in
a numerical model. Consequently, each ”com-
putational particle” tracked in the scheme rep-
resents multiple particles of identical proper-
ties (i.e. spatial coordinates and physicochem-
ical properties). Such approach was recently ap-
plied for modelling precipitating clouds by An-
drejczuk et al. (2010); Sölch and Kärcher (2010);
Riechelmann et al. (2012); Arabas and Shima
(2013). Formulation of the scheme presented
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here follows the Super Droplet Method of Shima
et al. (2009) to represent collisions and coales-
cence of particles.

5.1. Formulation

The key assumption of the particle-based
scheme is to assume no distinction between
aerosol, cloud, drizzle and rain particles. All
particles tracked by the Lagrangian component
of the solver are subject to the same set of pro-
cesses including advection by the flow, gravita-
tional sedimentation, diffusional growth, evap-
oration, and collisional growth. The Eulerian
component of the model is responsible for ad-
vecting ρe and ρv (see Appendix A). Represen-
tation of all the processes, as well the method
of coupling the Lagrangian and Eulerian com-
ponents of the model is given below.

The Lagrangian component is responsible for
tracking the computational particles, each hav-
ing the following attributes:

— multiplicity N
— location (i.e. spatial coordinates with 0,1,2 or

3 components)
— wet radius squared r2

w

— dry radius cubed r3
d

— hygroscopicity parameter κ

Multiplicity depicts the number of particles rep-
resented by the computational particle. All par-
ticles represented by one computational parti-
cle are assumed to be spherical water solution
droplets of radius rw. Following Shima et al.
(2009) the model is formulated in r2

w for numer-
ical reasons.

The amount of solvent is represented with
the dry radius rd (third power is used in the
model code as most often rd serves as a proxy
for volume of the solvent). The hygroscopic-
ity of the solvent is parameterised using the
single-parameter approach of Petters and Krei-
denweis (2007).

The list of particle attributes can be extended.
For example, parameters describing chemical
composition of the solution or the electrical
charge of a particle can be added. Adding new
particle attributes does not increase the com-

putational expense of the Eulerian component
of the solver. However, extension of the phase
space by a new dimension (the added attribute)
potentially requires using more computational
particles to achieve sufficient coverage of the
phase space.

5.1.1. Key assumptions

Most of the assumptions of the bulk models
described in sections 3 and 4 are lifted. All par-
ticles are subject to the same set of processes. It
follows that the model represents even dry de-
position and collisions between aerosol particles
(both being effectively negligible). The super-
saturation in the model domain is resolved tak-
ing into account phase change kinetics (i.e. con-
densation and evaporation are not treated as in-
stantaneous). Aerosol may have any initial size
distribution and may be internally or externally
mixed (i.e. have the same or different solubil-
ity for particles of different sizes). There are
no assumptions on the shape of the particle size
spectrum.

There are, however, two inherent assumptions
in the premise of all particles being spherical
and composed of water solution. First, the hu-
midity within the domain and the hygroscop-
icity of the substance of which aerosol is com-
posed must both be high enough for the solution
to be dilute. For tropospheric conditions and
typical complex-composition internally-mixed
aerosol this assumption is generally sound
(Fernández-Dı́az et al., 1999; Marcolli et al.,
2004). Second, the nonsphericity of large pre-
cipitation particles has to be negligible. It is a
valid assumption for drops smaller than 1 mm
(Szakáll et al., 2010).

It is assumed in the present formulation that
a particle never breaks up into multiple parti-
cles. It is a reasonable assumption for the evap-
oration of cloud particles into aerosol (Mitra
et al., 1992). However, both collision-induced
and spontaneous breakup become significant
(the latter to a much smaller extent) for larger
droplets (McFarquhar, 2010) and hence the
scheme requires an extension in order to allow
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for diagnosing rain spectra for strongly precipi-
tating clouds.

There is not yet any mechanism built into the
model to represent aerosol sources (other than
regeneration of aerosol by evaporation of cloud
droplets).

5.1.2. Advection

Transport of particles by the flow is computed
using an implicit integration scheme:

x[n+1] = x[n] + ∆x · C(x[n+1]) (13)

where C is the Courant number field of the Eu-
lerian component of the solver, and ∆x is the
grid step (formulæ are given for the x dimen-
sion, but are applicable to other dimensions as
well). An Arakawa-C staggered grid is used and
evaluation of C(x[n+1]) is performed using linear
approximation:

C(x[n+1]) = (1− ω) · C[i−1/2] + ω · C[i+1/2] (14)

where fractional indices denote Courant num-
bers on the edges of a grid cell in which a given
particle is located at time level n. The weight ω
is defined as:

ω = x[n+1]/∆x− bx[n]/∆xc (15)

where bxc depicts the largest integer not greater
than x. Substituting (14) and (15) into (13) re-
sults in an analytic solution for x[n+1]:

x[n+1] =
x[n] + ∆x

(
Ci−1/2 − bx[n]/∆xc ·∆C

)

1−∆C
(16)

where ∆C = Ci+1/2 − Ci−1/2.
The same procedure is repeated in other spa-

tial dimensions if applicable (i.e. depending on
the dimensionality of the Eulerian component).
Periodic horizontal boundary conditions are as-
sumed.

5.1.3. Phase changes

Representation of condensation and evapora-
tion in the particle-based approach encompasses
several phenomena that are often treated indi-
vidually, namely: aerosol humidification, cloud

condensation nuclei (CCN) activation and de-
activation, cloud droplet growth and evapora-
tion, and finally rain evaporation. The timescale
of some of these processes (notably CCN acti-
vation) is much shorter than the characteristic
timescale of the large-scale air flow solved by
the Eulerian component of the solver. There-
fore, representation of condensation and evapo-
ration in the Lagrangian component involves a
substepping logic in which the Eulerian compo-
nent timestep ∆t is divided into a number of
equal substeps. For simplicity, this procedure is
not depicted explicitly in the following formulæ.
It is only hinted by labelling subtimestep as ∆t′

and the subtimestep number as n′.
Presently, the number of subtimesteps is kept

constant throughout the domain and throughout
the simulation time. However, the actual con-
straints for timestep length ∆t′ differ substan-
tially, particularly with the distance from cloud
base (see figure 2 in Arabas and Pawlowska,
2011). An adaptive timestep choice mechanism
is planned for the future release.

Within each substep, the drop growth equa-
tion is solved for each computational particle
with an implicit scheme with respect to wet ra-
dius but explicit with respect to ρv and ρe:

r2[n
′+1]

w = r2[n
′]

w + ∆t · dr
2
w

dt

∣∣∣∣
r2

[n′+1]
w ,ρ

[n′]
v ,ρ

[n′]
e

(17)

Solution to the above equation is sought by
employing a predictor-corrector type procedure.
First, the value of the dr2w/dt derivative evaluated

at r2[n
′]

w is used to construct an initial-guess range

a < r2[n
′+1]

w < b in which roots of equation 17 are
to be sought, with:

a = max

(
r2
d, r2[n

′]
w + min

(
2 · dr

2
w

dt

∣∣∣∣
r
[n′]
w

, 0

))
(18)

b = r2[n
′]

w + max

(
2 · dr

2
w

dt

∣∣∣∣
r
[n′]
w

, 0

)
(19)

Second, r2n
′+1

w is iteratively searched using the
bisection algorithm. If the initial-guess range
choice makes bisection search ill-posed (minimi-
sation function having the same sign at a and b),
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the algorithm stops after first iteration returning
(a + b)/2, and reducing the whole procedure to
the standard Euler scheme (due to the use of fac-
tor 2 in the definition of a and b). It is worth not-
ing, that such treatment of drop growth (i.e. La-
grangian in radius space, the so-called moving
sectional or method of lines approach) incurs no
numerical diffusion.

The growth rate of particles is calcu-
lated using the single-equation (so-called
Maxwell-Mason) approximation to the heat
and vapour diffusion process (Straka, 2009,
rearranged eq. 5.106):

rw
drw
dt

=
Deff

ρw
(ρv − ρ◦) (20)

where the effective diffusion coefficient is:

D−1
eff = D−1 +K−1ρvslv

T

(
lv
RvT

− 1

)
(21)

RH (relative humidity with respect to plane sur-
face of pure water), T and ρv are updated every
subtimestep. The vapour density at drop surface
ρ◦ is modelled as:

ρ◦ = ρvs · aw(rw, rd) · exp(A/rw) (22)

where water activity aw and the so-called
Kelvin term exp(A/rw) are evaluated using the
κ-Köhler parameterisation of Petters and Krei-
denweis (2007).

Vapour and heat diffusion coefficients D and
K are evaluated as:

D = D0 · βM ·
Sh

2
(23)

K = K0 · βT ·
Nu

2
(24)

The Fuchs-Sutugin transition-régime correction
factors βM(rw, T ) and βT (rw, T, p) are used in
the form recommended for cloud modelling by
Laaksonen et al. (2005, i.e. employing mass and
heat accommodation coefficients of unity). The
Sherwood number Sh and the Nusselt number
Nu (twice the mean ventilation coefficients) are
modelled following Clift et al. (1978) as advo-
cated by Smoĺık et al. (2001). See appendix B

for the actual formulæ for A, βM , βT , lv, ρvs, Sh
and Nu.

As in Sölch and Kärcher (2010), no interpo-
lation of the Eulerian state variables to par-
ticle positions is done (in contrast to the ap-
proach employed in models of Andrejczuk et al.,
2008; Shima et al., 2009; Riechelmann et al.,
2012). It is therefore implicitly assumed, in
compliance with the Eulerian solver component
logic, that the heat and moisture are homoge-
neous within a grid cell. Consequently, the ef-
fects of subgrid-scale mixing on the particles fol-
low the so-called homogeneous-mixing scenario
(see Jarecka et al., 2013, and references therein).
Furthermore, no effects of vapour field inhomo-
geneity around particles are taken into consid-
eration (see Vaillancourt et al., 2001; Castellano
and Ávila, 2011).

Particle terminal velocities used to estimate
the Reynolds number to evaluate Sh and Nu
are calculated using the parameterisation of
Khvorostyanov and Curry (2002, see also 5.1.5
herein).

After each substep, the thermodynamic fields
ρv and ρe are adjusted to account for water
vapour content change due to condensation or
evaporation on particles within a given grid cell
and within a given substep by evaluating:

ρ[n′+1]
v − ρ[n′]

v =
−4πρw
3∆V

∑

i∈ grid cell

N[i]

[
r3[n

′+1]

w[i]
− r3[n

′]
w[i]

]
(25)

ρ[n′+1]
e − ρ[n′]

e =
(
ρ[n′+1]
v − ρ[n′]

v

)
· dρe
dρv

∣∣∣∣
ρ
[n′]
v , ρ

[n′]
e

(26)

where ∆V is the grid cell volume, and ρw is the
density of liquid water. Noteworthy, such formu-
lation maintains conservation of heat and mois-
ture in the domain regardless of the accuracy of
integration of the drop growth equation.

Phase change calculations are performed be-
fore any other processes, as it is the only pro-
cess influencing values of ρv and ρe fields of
the Eulerian component. Consequently, Eule-
rian component of the solver may continue inte-
gration as soon as phase-change calculations are
completed. Such asynchronous logic is enabled
if performing calculations using a GPU: parti-
cle advection, sedimentation and collisions are
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calculated by the Lagrangian component of the
solver using GPU while the Eulerian component
is advecting model state variables using CPU(s).

5.1.4. Coalescence

The coalescence scheme is an implementation
of the Super Droplet Method (SDM) described
in Shima et al. (2009). SDM is a Monte-Carlo
type algorithm for representing particle colli-
sions. As it is done for phase changes, coales-
cence of particles is solved using subtimesteps
∆t′′. In each subtimestep all computational
particles within a given grid cell are randomly
grouped into non-overlapping pairs (i.e. no com-
putational particle may belong to more than one
pair). Then the probability of collisions between
computational particles i and j in each pair is
evaluated as:

Pij = max(Ni, Nj)K(ri, rj)
∆t′′

∆V

n(n− 1)

2bn/2c (27)

where n is the total number of computational
particles within the grid cell in a given timestep
and K(ri, rj) is the collection kernel. In analogy
to a target-projectile configuration, scaling the
probability of collisions with the larger of the two
multiplicities max(Ni, Nj) (target size) implies
that if a collision happens, min(Ni, Nj) of parti-
cles will collide (number of projectiles). The last
term in equation (27) upscales the probability
to account for the fact that not all (n(n− 1)/2)
possible pairs of computational particles are ex-
amined but only bn/2c of them. Evaluation
of collision probability for non-overlapping pairs
only, instead of for all possible pairs of particles,
makes the computational cost of the algorithm
scale linearly, instead of quadratically, with the
number of computational particles (at the cost of
increasing the sampling error of the Monte-Carlo
scheme).

The coalescence kernel has the following form
if only geometric collisions are considered:

K(ri, rj) = E(ri, rj) · π (ri + rj)
2 · |vi − vj| (28)

where E(ri, rj) is the collection efficiency and
v is the terminal velocity of particles (i.e. their

flow-relative sedimentation velocity). The col-
lection efficiency differs from unity if hydro-
dynamic effects (e.g. Vohl et al., 2007) or
van der Waals forces (Rogers and Davis, 1990)
are considered. The whole coalescence ker-
nel may take different form (in particular may
be nonzero for drops of equal terminal veloc-
ity) if turbulence effects are taken into account
(Grabowski and Wang, 2013, and references
therein).

In each subtimestep the evaluated probability
Pij is compared to a random number from a uni-
form distribution over the (0,1) interval. If the
probability is larger than the random number,
a collision event is triggered. During a collision
event, all min(Ni, Nj) particles collide (Shima
et al., 2009, see Figure 1 and Section 4.1.4 in).
One of the colliding computational particles re-
tains its multiplicity but changes its dry and wet
radii to those of the newly formed particles. The
second colliding computational particle retains
its dry and wet radii but changes its multiplicity
to the difference between Ni and Nj.

Consequently, the collisional growth is repre-
sented in a numerical-diffusion-free manner, that
is, Lagrangian in particle radius space (both dry
and wet radius). This is an advantage over
the Eulerian-type schemes based on the Smolu-
chowski equation which exhibit numerical diffu-
sion (see e.g. Bott, 1997). Other particle pa-
rameters are either summed (i.e. extensive pa-
rameters such as r3

d) or averaged (i.e. intensive
parameters such as κ).

Presently, the ”multiple coalescence” feature
of SDM introduced by Shima et al. (2009) to
robustly cope with an undersampled condition
of Pij > 1 is not implemented. It is planned,
however, to use the values of Pij to control an
adaptive timestep logic to be introduced in a
future release.

5.1.5. Sedimentation

Particle sedimentation velocity is computed
using the formula of Khvorostyanov and Curry
(2002, eqs. 2.7, 2.12, 2.13, 3.1). The explicit
Euler scheme is used for adjusting particle po-
sitions (the terminal velocity is effectively con-
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stant, taking into account the assumed homo-
geneity of heat and moisture within a grid cell).

Sedimentation may result in the particles
leaving the domain (i.e. dry deposition or
ground-reaching rainfall). In the present release,
computational particles that left the domain do
not take part in further computations which
leads to gradual reduction of the spectral and
spatial resolution of the Lagrangian component
of the solver. In future releases, these particles
are planned to take part in representing aerosol
sources, or in increasing computational parti-
cle density in regions where flow pattern causes
the air to become void of particles, or in han-
dling particle relocations with domain decom-
posed on distributed memory (see Riechelmann
et al., 2012, sec. A.1).

5.1.6. Initialisation

One of the key parameters of the
particle-based simulation is the number of
computational particles used. As in several
recent cloud-studies employing particle-based
techniques, the initial particle spatial coordi-
nates are chosen randomly using a uniform
distribution. Consequently, the initial condition
has a uniform initial mean density of computa-
tional particles per cell (assuming all cells have
the same volume). The value of this initial mean
density defines the sampling error in particle
parameter space, particularly in the context
of phase changes and coalescence which are
both formulated on cellwise basis. The ranges
of values used in recent studies are: 30–250
(Sölch and Kärcher, 2010, particles injected
throughout simulation), 100–200 (Andrejczuk
et al., 2010, grid cell size variable in height,
particles added throughout simulation), 26–186
(Riechelmann et al., 2012), 8–512 (Arabas and
Shima, 2013).

The dry radii of the computational particles
are chosen randomly with a uniform distribu-
tion in the logarithm of radius. The minimal
and maximal values of dry radius are chosen au-
tomatically by evaluating the initial dry-size dis-
tribution. The criterion is that the particle mul-
tiplicity (i.e. the number of particles represented

by a computational particle) for both the min-
imal and the maximal radii be greater or equal
one.

The initial spectrum shape is arbitrary. Ex-
ternally mixed aerosol may be represented using
multiple spectra, each characterised by differ-
ent value of κ. The initial particle multiplici-
ties are evaluated treating the input spectra as
corresponding to the standard atmospheric con-
ditions (STP) and hence the concentrations are
multiplied by the ratio of the dry-air density in
a given grid cell to the air density at STP.

Equation 20 defines the relationships between
the dry and the wet spectra in the model. These
should, in principle, be fulfilled by the initial
condition imposed on model state variables. For
cloud-free air, it is possible by assuming an equi-
librium defined by putting zero on the left-hand
side of equation 20. This allows to either diag-
nose the wet spectrum from the dry one or vice
versa.

If the dry size distribution is given as initial
condition, bringing all particles to equilibrium
at a given humidity is done without changing ρe
and ρv to resemble bulk models’ initial state. A
small amount of water needed to obtain equilib-
rium is thus effectively added to the system.

For setups assuming initial presence of cloud
water within the model domain, the equilib-
rium condition may be applied only to subsat-
urated regions within the model domain. The
initial wet radius of particles within the su-
persaturated regions is set to its equilibrium
value at RH=95% (following Lebo and Seinfeld,
2011). Subsequent growth is computed within
the first few minutes of the simulation. In order
to avoid activation of all available aerosol, the
drop growth equation 20 is evaluated limiting
the value of the supersaturation to 1% (see also
discussion on particle-based simulation initiali-
sation in Andrejczuk et al., 2010, sec. 2.2).

5.2. Programming interface

5.2.1. API elements

The particle-based scheme’s API differs sub-
stantially from bulk schemes’ APIs as it features
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object-oriented approach of equipping struc-
tures (referred to as classes) with functions (re-
ferred to as methods). Furthermore, unlike the
bulk schemes’ APIs, the particle-based scheme
is not implemented as a header-only library
but requires linking with libcloudphxx lgrngn
shared library. The particle-based scheme’s API
consists of four structures (classes with all mem-
bers public), one function and two enumera-
tions, all defined in the libcloudphxx::lgrngn
namespace. The often occurring template pa-
rameter real t controls the floating point for-
mat.

As in the case of bulk schemes, the options
controlling the scheme’s course of action in each
solver step are stored in a separate structure
lgrngn::opts t whose definition is given in List-
ing 5.1. The first Boolean fields provide con-

template<typename real_t>

struct opts_t

{

// process toggling

bool adve, sedi, cond, coal;

// RH limit for drop growth

real_t RH_max;

// no. of substeps

int sstp_cond, sstp_coal;

// ctor with defaults (C++03 compliant) ...

Listing 5.1: lgrngn::opts t structure definition

trol over process toggling. The following fields
are the RH limit for evaluating drop growth
equation (for the spin-up, see sec. 2.2), and
the numbers of substeps to be taken within
one Eulerian timestep when calculating con-
densation and coalescence. The default val-
ues are set in the structure’s constructor whose
definition is not presented in the Listing (the
C++11 syntax for default parameter values used
in blk 1m::opts t and blk 2m::opts t is not
used to maintain compatibility with C++03 re-
quired to compile the code for use on a GPU,
see discussion in sec. 5.3).

Several other options of the particle-based
scheme may not be altered during simula-

tion, and are grouped into a structure named
lgrngn::opts init t (Listing 5.2). The initial

template<typename real_t>

struct opts_init_t

{

// initial dry sizes of aerosol

typedef boost::ptr_unordered_map<

real_t, // kappa

unary_function<real_t> // n(ln(rd)) @ STP

> dry_distros_t;

dry_distros_t dry_distros;

// Eulerian component parameters

int nx, ny, nz;

real_t dx, dy, dz, dt;

// mean no. of super-droplets per cell

real_t sd_conc_mean;

// coalescence Kernel type

kernel_t kernel;

// ctor with defaults (C++03 compliant) ...

Listing 5.2: lgrngn::opts init t structure defi-
nition

dry size spectrum of aerosol is represented with
a map associating values of the solubility param-
eter κ with pointers to functors returning con-
centration of particles at STP as a function of
logarithm of dry radius. Subsequent fields spec-
ify the geometry of the Eulerian grid and the
timestep. It is assumed that the Eulerian com-
ponent operates on a rectilinear grid with a con-
stant grid cell spacing, although this assumption
may easily be lifted in future releases if needed.
The last two fields provide control of the initial
mean concentration of computational particles
per grid cell and the type of the coalescence ker-
nel (only the geometric one implemented so far,
see Listing 5.3).

enum kernel_t { geometric };

Listing 5.3: lgrngn::kernel t enumeration def-
inition

Computational particle spatial coordi-
nates provide the principal link between
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the particle-based scheme’s Lagrangian and
Eulerian components. Consequently, unlike in
the case of bulk schemes which use STL-type
iterators to traverse array elements without
any information on the array dimensionality
or shape, here the actual geometry and
memory layout of the passed arrays need
to be known. The memory layout of array
data is represented in the API using the
lgrngn::arrinfo t structure (Listing 5.4). The

template <typename real_t>

struct arrinfo_t

{

// member fields:

real_t * const dataZero;

const ptrdiff_t *strides;

// methods...

Listing 5.4: lgrngn::arrinfo t structure defini-
tion

meaning of dataZero and strides fields match
those of equally-named methods of the Blitz++
Array class. Quoting Blitz++ documentation
(Veldhuizen, 2005): ,,dataZero is a pointer to
the element (0,0,...,0), even if such an element
does not exist in the array. What’s the point of
having such a pointer? Say you want to access
the element (i,j,k). If you add to the pointer
the dot product of (i,j,k) with the stride vector
stride, you get a pointer to the element (i,j,k).”
Using arrinfo t as the type for API function
arguments makes the library compatible with a
wide range of array containers, Blitz++ being
just an example. In addition, no assumptions
are made with respect to array index ranges,
what allows the library to operate on array slabs
(e.g. array segments excluding the so-called
halo regions).

The state of the Lagrangian component
of the model (notably, the values of particle
attributes) is stored in an instance of the
lgrngn::particles t class (see Listing 5.5). Its
second template parameter is the type of the
backend to be used by the Thrust library, and
as of current release it has three possible values:
serial, OpenMP or CUDA (cf. Listing 5.6

with definition of the backend t enumeration).
The OpenMP2 backend offers multi-threading
using multiple CPU cores and/or multiple
CPUs. The CUDA3 backend uses a GPU
storing and processing of particle attributes.
The ”backend-aware” particles t<real t,
backend> inherits from ”backend-unaware”
particles proto t<real t> (definition not
shown) what allows to use a single pointer to
particles proto t with different backends (as
used in the return value of lgrngn::factory()
discussed below).

Initialisation, time-stepping and data output
is performed by calling particles t’s methods
whose signatures are given in Listing 5.5 and
discussed in the following three paragraphs.

The particles t::init() method intended to
be called once at the beginning of the simula-
tion performs the initialisation steps described
in section 5.1.6. The first three arguments
are mandatory and should point to the ρe, ρv
and ρd fields of the Eulerian component of the
solver. The next arguments should point to
Courant number field. The number of required
arguments pointing to Courant field compo-
nents depends on the dimensionality of the mod-
elling framework, and ranges from zero (parcel
framework) up to three (3D simulation). The
Courant number components are expected to
be laid out on the Arakwa-C grid, thus for the
2D case courant 1’s shape is (nx+1)×nz and
courant 2’s shape is nx×(nz+1).

Time-stepping is split into two meth-
ods: particles t::step sync() and parti-
cles t::step async(). The former covers rep-
resentation of processes that alter the Eulerian
fields (i.e. phase changes). The latter covers
other processes (transport of particles, sedimen-
tation and coalescence) which may be computed
asynchronously, fer example while the Eulerian
model calculates advection of the Eulerian fields.
Both methods take a reference to an instance of
lgrngn::opts t as their first argument. Among
subsequent arguments of step sync(), only the
first are mandatory. They should point to ρe

2 http://openmp.org/
3 http://nvidia.com/
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template <typename real_t, backend_t backend>

struct particles_t: particles_proto_t<real_t>

{

// initialisation

void init(

const arrinfo_t<real_t> rho_e,

const arrinfo_t<real_t> rho_v,

const arrinfo_t<real_t> rho_d,

const arrinfo_t<real_t> courant_1,

const arrinfo_t<real_t> courant_2,

const arrinfo_t<real_t> courant_3

);

// time-stepping methods

void step_sync(

const opts_t<real_t> &,

arrinfo_t<real_t> rho_e,

arrinfo_t<real_t> rho_v,

const arrinfo_t<real_t> courant_1,

const arrinfo_t<real_t> courant_2,

const arrinfo_t<real_t> courant_3,

const arrinfo_t<real_t> rho_d

);

void step_async(

const opts_t<real_t> &

);

// diagnostic methods

void diag_sd_conc();

void diag_dry_rng(

const real_t &r_mi, const real_t &r_mx

);

void diag_wet_rng(

const real_t &r_mi, const real_t &r_mx

);

void diag_dry_mom(const int &k);

void diag_wet_mom(const int &k);

real_t *outbuf();

// ...

Listing 5.5: lgrngn::particles t structure defi-
nition

enum backend_t { serial, OpenMP, CUDA };

Listing 5.6: lgrngn::backend t enumeration
definition

and ρv fields which will be overwritten by the
method. The Courant field components need to
be specified only if the Eulerian component of
the models solves air dynamics (they are omit-
ted in the case of the kinematic framework used
in examples in this paper). The last argument
pointing to a ρd array is also optional and needs
to be specified only if the Eulerian framework
allows the density to vary in time.

The particles t’s methods prefixed with
diag provide a mechanism for obtaining sta-
tistical information on the droplet parameters
gridded on the Eulerian component mesh. The
particles t::diag sd conc method calculates
the concentration of computational particles per
cell. The particles t::diag dry mom() and
particles t::diag wet mom() calculate statis-
tical moments of the dry and wet size spectra
respectively. The k-th moment M of the dry (d)
or wet (w) spectrum is defined here as:

M
[k]
d,w = ∆V -1

∑

i∈ grid cell
rd,w[i]

∈ [rmi,rmx]

N[i] r
k
d,w[i]

(29)

where the index i traverses all computa-
tional particles and N is the particle mul-
tiplicity. The moment number k is cho-
sen through the methods’ argument k. The
range of radii [rmi, rmx] over which the mo-
ments are to be calculated is chosen by calling
diag dry rng() or diag wet rng() before calls
to diag dry mom() and diag wet mom(),
respectively. Calling the particles t::outbuf()
method causes the calculated fields to be stored
in an output buffer, and a pointer to the first
element of the buffer to be returned.

template <typename real_t>

particles_proto_t<real_t> *factory(

const backend_t,

const opts_init_t<real_t> &

);

Listing 5.7: lgrngn::factory function signature

The last element of the particle-based
scheme’s API is the factory() function. It re-
turns a pointer to a newly allocated instance
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of the particles t class. Its arguments are the
backend type (see Listing 5.6) and the scheme’s
options as specified by the opts init t fields (see
Listing 5.2). The purpose of introducing the
lgrngn::factory() function is twofold. First, it
makes the backend choice a runtime mechanism
rather than a compile-time one (backend is one
of the compile-time template parameters of par-
ticles t). Second, it does report an error if the
library was compiled without CUDA (GPU) or
OpenMP (multi-threading) backend support.

5.2.2. Example calling sequence

Figure 7 depicts an example calling sequence
for the particle-based scheme’s API. The API
calls are split among the adjustments and output
steps of the solver. The rhs steps are presented
in the diagram, but here they refer to forcings
extrinsic with respect to the cloud microphysics
scheme (e.g. the relaxation terms in the setup
described in Section 2.2).

In the case of bulk schemes (Figures 3 and 5)
both the solver and library flow control was han-
dled by a single thread (or a group of threads
performing the same operations in case of do-
main decomposition). Here, there are two sep-
arate threads (or a group of solver threads plus
one library thread in case of domain decompo-
sition). The synchronisation between the solver
and the library threads is depicted in the dia-
gram with ”wait for . . . ” labels.

In the presented calling sequence the diag-
nostic methods are only called within the out-
put step. Depending on the modelling frame-
work, such calls may also be needed in every
timestep, for example to provide data on parti-
cle surface for a radiative-transfer component, or
the data on particle mass for a dynamical com-
ponent of the solver. Note that a single call to
diag dry/wet rng() may be followed by multi-
ple calls to diag dry/wet mom() as depicted
by nesting the ”for each moment” loop within
the ”for each size range” loop.

5.3. Implementation overview

The Lagrangian component of the model is
implemented using the Thrust library (Hobe-

rock and Bell, 2010). Consequently, all par-
allelisation logic is hidden behind the Thrust
API calls. The parallelisation is obtained by
splitting the computational-particle population
among several computational units using shared
memory. However, the true power of Thrust
is in the possibility to compile the same code
for execution on multiple parallel architectures
including general-purpose GPUs (via CUDA)
and multi-core CPUs (via OpenMP). The im-
plemented particle-based scheme is particularly
well suited for running in a set-up where the Eu-
lerian computations are carried out on a CPU,
and the Lagrangian computations are delegated
to a GPU. That is due to:

— the low data exchange rate between these two
components – there is never a need to trans-
fer the state of all computational particles
to the Eulerian component residing in the
main memory, only the aggregated size spec-
trum parameters defined per each grid box are
needed;

— the possibility to perform part of the micro-
physics computations asynchronously – simul-
taneously with other computations carried out
on CPU(s) (cf. Sec. 5.1.3).

Since the current release of CUDA compiler
does not support C++11, the particle-based
scheme is implemented using C++03 con-
structs only. Furthermore, the CUDA com-
piler does not support all C++ constructs used
by the Boost.units library. For this reason, a
fake units drop-in replacement for Boost.units
was written and is shipped with libcloudph++.
It causes all quantities in the program to be-
have as dimensionless. It is included instead of
Boost.units only if compiling the CUDA back-
end. Consequently, the particle-based scheme’s
code is checked for unit correctness while com-
piling other backends.

The asynchronous launch/wait logic is left to
be handled by the caller. In the example pro-
gram icicle (see appendix C), it is implemented
using the C++11’s std::async() call.

Both in the case of GPU and CPU configu-
rations the Mersenne Twister (Matsumoto and
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solver (CPU) libcloudph++ (CPU or GPU)

advect

adjust

wait for particles t::step async()
...

call particles t::step sync(ρd, ρe, ρv, ~C)

condensationmodifies: ρe, ρv

launch particles t::step async()

transport

sedimentation

coalescence

...

update rhs terms (extrinsic)

apply rhs terms (extrinsic)

output

wait for particles t::step async()
...

call particles t::diag dry/wet rng(rmi, rmx)

selecting

call particles t::diag dry/wet mom()

countingprovides M (via outbuf())

M ; . . .

for each momentfor each moment

for each size range (dry and/or wet)for each size range (dry and/or wet)

if time for outputif time for output

for each timestepfor each timestep

Figure 7. Sequence diagram of libcloudph++ API calls for the particle-based scheme and a prototype
transport equation solver. Diagram discussed in section 5.2.2. See also caption of Figure 2 for

description or diagram elements.
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Nishimura, 1998) random number generator is
used. If using GPU, the CUDA cuRAND’s
MTGP32 is used that offers parallel execution
with multiple random number streams. If not
using GPU, the C++11 std::mt19937 is used
and the random number generation is done by a
single thread only, even if using OpenMP.

5.4. Example results

Figures 8 and 9 present results from an exam-
ple simulation with the particle-based scheme.
The simulations are analogous to those dis-
cussed in Sections 3.4 (single-moment) and 4.4
(double-moment). As before, the plots are
for the thirtieth minute of the simulation time
(again excluding the two-hour-long spin-up pe-
riod). The initial mean concentration of com-
putational particles was set to 64 per cell. The
number of substeps was set to 10 for both con-
densation and coalescence, with coalescence cal-
culated using the geometric kernel only.

Figure 8 depicts gridded aerosol, cloud and
rain properties, with the gridded data obtained
by calculating statistical moments of the par-
ticle size distribution in each grid cell. In ad-
dition to quantities corresponding to the bulk
model variables rho c, rho r (cf. Figs 4 and 6)
and nc and nr (cf. Fig. 6), Figure 8 features
plots of the effective radius (ratio of the third
to the second moment of the size spectrum)
and the aerosol concentration. The distinc-
tion between aerosol particles, cloud droplets,
and rain drops is made using radius thresh-
olds of 1µm and 25µm for aerosol/cloud and
cloud/rain boundaries, respectively. The noise
in most panels comes from sampling errors of the
particle-based scheme, these errors get smaller
with increasing number of computational par-
ticles used (not shown). The cloud water con-
tent and cloud droplet concentration plots both
show strong similarities to the results of simula-
tion using the double-moment scheme (Fig. 6).
The increase with height of cloud water con-
tent, drop concentration approximately constant
with height, the maximum droplet concentration
near the updraught axis, and the cloud hole are
all present in both the particle-based and the

double-moment simulations. The range of values
of the rain water content and the rain drop con-
centration predicted by the particle-based model
roughly matches those of the double-moment
scheme, yet the level of agreement is much
smaller than in the case of cloud water. For ex-
ample, the maximum rain water content in the
double-moment simulation is located in the cen-
tre of the downdraught, whereas this location
features virtually no rain in the particle-based
simulation. Arguably, this is because of the nu-
merical diffusion of the Eulerian double-moment
scheme. The two schemes agree with respect
to the vertical extent of the drizzle shaft as it
vanishes at about 300 metres above the bottom
boundary of the domain in both cases.

The plot of the effective radius in Figure 8
shows the gradual increase of drop sizes from the
cloud base up to the top of the cloud. The drizzle
shaft is the location of the largest particles still
classified as cloud droplets. The effective radius
plot features the smoothest gradients among all
presented plots, particularly across the cloud.
This is likely due to the fact that unlike other
plotted quantities, the effective radius is an in-
tensive parameter and hence is not proportional
to the drop concentration which inherits ran-
dom fluctuations of the initial aerosol concentra-
tions. The aerosol concentration demonstrates
anticipated presence of the interstitial aerosol
within the cloud. The regions of largest rain
water content correspond to regions of lowered
aerosol concentrations, both within and below
the cloud. This likely demonstrates the effect
of scavenging of aerosol particles by the drizzle
drops, most likely overpredicted by the geomet-
ric collision kernel applied in the simulation.

The ten black squares overlaid on each plot in
Figure 8 show locations of the regions for which
the wet and dry particle size spectra are plotted
in Figure 9. The ten locations are composed of
a 3×3 grid cells each, and the spectra plotted in
the ten panels of Figure 9 are all averages over
the 9 cells. The dry spectra are composed of
40 bins in an isologarithmic layout from 1 nm
to 10µm. The wet spectra are composed of 25
bins extending the above range up to 100 µm.
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Figure 8. Example results from a 2D kinematic simulation using the particle-based scheme. All
panels depict model state after 30 minutes simulation time (excluding the spin-up period). The black
overlaid squares mark grid cells for which the dry and wet size spectra are shown in Figure 9. See

section 5.4 for discussion.
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Figure 9. Plots of dry and wet size spectra for ten location within the simulation domain. The
locations and their labels (a–j) are overlaid on plots in Figure 8. The vertical bars at 0.5 µm and
25 µm indicate the range of particle wet radii which is associated with cloud droplets. See section 5.4

for discussion.
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Each square in the Figure 8 and its correspond-
ing panel in Figure 9 are labelled with a letter
(a to j). All panels in Figure 9 contain two ver-
tical lines at 0.5µm and 25µm that depict the
threshold values of particle wet radius used to
differentiate between aerosol, cloud droplets and
rain drops.

To match the pathway of cloud evolution, we
shall discuss the panels in Figure 9 counterclock-
wise, starting from panel (i) which presents data
on the aerosol size spectrum in the updraught
below cloud base. There, the wet spectrum plot-
ted with thick blue line is slightly shifted towards
larger sizes than the dry spectrum plotted with
thin red line. This shift corresponds to humid-
ification of the hygroscopic aerosol. Panels (g)
and (e) show how the wet spectrum evolves while
the updraught lifts the particles across the cloud
base causing the largest aerosol to be activated
and to form cloud droplets. Panel (c) shows a
distinctly bimodal wet spectrum with an unac-
tivated aerosol mode to the left and the cloud
droplet mode just below 10µm. Panel (a) de-
picting the near-cloud-top conditions shows that
some of the cloud droplets had already grown
pass the 25µm threshold, likely through colli-
sional growth. Such drops have significant fall
velocities what causes the air in the upper part
of the domain to become void of largest aerosol
what is evident from the shape of the dry spec-
trum in panel (b) depicting conditions above the
downdraught. Panel (d) and panel (c) show size
spectra at the same altitude of about 100 m
above cloud base. Their comparison reveals that
cloud droplets are less populous in the down-
draught (panel d, edge of the cloud hole) and
the spectrum is much wider there than near the
updraught axis (panel c). Finally, panels (f), (h)
and (j) show gradual evaporation of drizzle and
cloud droplets back to aerosol-sized particles.

6. Performance evaluation

Computational cost of a microphysics scheme
is one of the key factors determining its prac-
tical applicability. Here, we present a basic
analysis of the computational cost of the three

schemes presented in this paper. The analysis
is based on timing of simulations carried out
with the kinematic framework and the simula-
tion set-up described in section 2.1 using the ici-
cle tool described in appendix C. In order to de-
pict the contributions of individual elements of
the schemes, all simulations were repeated with
four sets of process-toggling options:

— advection only,
— advection and phase changes,
— advection, phase changes and coalescence,
— all above plus sedimentation.

For the particle-based scheme, the
advection-only runs include transport of
particles and the Eulerian fields (moisture and
heat).

Simulations were performed with a 6-core
AMD Phenom II CPU and a 96-core nVidia
Quadro 600 GPU (an example 2010 pro-
sumer desktop computer). The CPU code
was compiled using GCC 4.9 with -Ofast,
-march=native and -DNDEBUG options en-
abled. The GPU code was compiled with nvcc
5.0 with -arch=sm 20 and -DNDEBUG options
enabled. No data output was performed.

In order to eliminate from the reported values
the time spent on simulation startup, all sim-
ulations were repeated twice, performing a few
timesteps in the first run and a dozen timesteps
in the second run. The long and short run times
are then subtracted and the result is normalised
by the difference in number of timesteps.

In order to reduce the chance of an influence of
other processes on the wall-clock timing, all sim-
ulations were additionally thrice-repeated and
the shortest measured time is reported.

The particle-based simulations were per-
formed with three different mean densities of
computation particles, 8, 32 and 128 per grid
cell, and with four ”backend” settings:

— serial backend,
— OpenMP backend using 2 threads,
— OpenMP backend using 4 threads,
— CUDA backend using the GPU.

The test was completed for single-precision
arithmetics. The GPU used offered about
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Figure 10. Computational cost of the three microphysics schemes expressed as wall-clock time per
timestep. Values measured for different settings of process-toggling options shown (bottom horizontal
axis). Results obtained with the particle-based scheme are grouped by the number of computational

particles used (upper helper horizontal axes). See section 6 for discussion.

three times higher performance at single preci-
sion. Higher-performance GPU hardware typi-
cally applied in computing centres is expected
to deliver similar performance for double preci-
sion. Execution times for CPU-only calculations
hardly change when switching from double to
single precision.

Figure 10 presents measured wall-clock times
for the four sets of processes (bottom x-axis la-
bels) and for all three schemes (different colours
and symbols). The figure reveals the signifi-
cant spread of times needed to compute a sin-
gle timestep – spanning three orders of magni-
tude. For simulations with all processes turned
on, it takes the double-moment scheme roughly
twice longer than the single-moment scheme to
advance the solution by one timestep. The
particle-based scheme may be anything from
five- to over hundred-times more costly than the
double-moment bulk scheme depending on its
settings.

Figure 10 also shows how the execution time of
the particle-based scheme depends on the back-

end choice and on the number of computational
particles used. The execution time is also de-
pendent on the number of subtimesteps used
for phase changes and coalescence (not shown,
the default of 10 subtimesteps per one advective
step was used here). It is also evident in Fig-
ure 10 that computations of phase changes for
particle-based simulations take most of the sim-
ulation time. The code responsible for the iter-
ative implicit solution of the drop-growth equa-
tion is thus the first candidate for optimisation
(e.g., through employment of a faster-converging
root-finding algorithm).

Arguably, the most striking feature depicted
in Figure 10 is the order-of-magnitude speedup
between serial execution times for CPU and the
GPU execution times. Even compared to the
four-thread OpenMP runs, the GPU backend
offers a threefold speedup. It is worth reiterat-
ing here the two reasons why the particle-based
scheme is particularly well-suited for GPUs.
First, the large body of data defining the state of
all particles never leaves the GPU memory (and
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the GPU-CPU transfer bandwidth is often a ma-
jor issue for the performance of GPU codes).
Here, all data that are transferred from the GPU
are first gridded onto the Eulerian mesh be-
fore being sent from GPU to the main memory.
Second, a significant part of the computations
(i.e. everything but phase changes) may be com-
puted asynchronously, leaving all but one CPU
available for other tasks of the solver (one thread
is busy controlling the GPU).

Finally, Figure 10 also depicts the lin-
ear scaling of the computational cost of the
particle-based method with the number of com-
putational particles (cf. section 5). Regardless
of the backend choice, increasing the mean num-
ber of particles per cell from 8 to 32 to 128 gives
a linear increase of wall-time as seen in the log-
arithmic scale of the plot.

The above analysis is preliminary. The library
is still at its initial stage of development, and
ongoing work on its code is expected to result in
shorter execution times.

7. Summary and outlook

The main goal behind the ongoing develop-
ment of libcloudph++, as stated in Section 1, has
been to develop and to offer the community a set
of reusable software components of applicabil-
ity in modern cloud modelling. Incorporation of
the double-moment bulk and the particle-based
schemes suitable for studies on the interactions
between clouds and aerosol makes the library
applicable for research on the widely discussed
indirect effects of aerosol on climate.

The implementation of the library was carried
out having maintainability and auditability as
priorities. This is reflected in:

(i) the choice of C++ with its concise and
modularity-encouraging syntax4;

4 As of current release, libcloudph++ consists of ca. 70
files with a total of ca. 5500 lines of code (LOC) of which
ca. 1000 LOC are common to all schemes, and ca. 500,
1000 and 3000 LOC are pertaining to the single-moment,
double-moment and particle-based schemes, respectively.

(ii) the separation of code elements related
to the schemes’ formulation (formulæ) from
other elements of the library (API, numerics);

(iii) the adoption of compile-time dimensional
analysis for all physically-meaningful expres-
sions in the code;

(iv) the delegation of substantial part of the li-
brary implementation to external libraries (in-
cluding the dimensional analysis, algorithm
parallelisation and GPU hardware handling);

(v) the hosting of library development and han-
dling of code dissemination through a public
code repository.

All above, supported by the choice of the GNU
General Public License, underpins our goal of
offering reusable code.

Development plans for the upcoming releases
of libcloudph++ include:

(i) enriching the set of usage examples;
(ii) widening the choice of available schemes,

also by integration of third-party codes
(e.g. the TAU scheme5);

(iii) providing bindings for other languages
(Python, Fortran);

(iv) extending the spectrum of processes in the
particle-based scheme (notably, by covering
basic aqueous chemistry and implementing
more realistic collision kernels);

(v) allowing the choice of other state vari-
ables (e.g., mixing ratios instead of densi-
ties, the liquid-water potential temperature
instead of θ).

These developments will be reported in forth-
coming communications.

Work is also underway on finalising the
model-intercomparison study of Grabowski and
Lebo (Muhlbauer et al., 2013, case 1) in which
the authors participate with the icicle solver
based on libcloudph++.

5 Tel Aviv University Cloud Microphysical Code
maintained at the US National Oceanic and Atmospheric
Administration (NOAA): http://esrl.noaa.gov/csd/
staff/graham.feingold/code/
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A. Common concepts and
nomenclature

This section presents some key elements of a
mostly standard approach to analytic descrip-
tion of motion of moist air, particularly in con-
text of modelling warm-rain processes. It is
given for the sake of completeness of the formula-
tion and to ease referencing particular equations
from within the text and the source code.

Governing equations

There are three key types of matter considered
in the model formulation and their densities ρi
and mass mixing ratios ri are defined as follows:

ρd dry air

ρv = rvρd water vapour (30)

ρl = rlρd liquid water (31)

The governing equations are the continuity
equation for dry air, a conservation law for water
vapour, and the thermodynamic equation (see
e.g. Vallis, 2006, Sec. 1.6):

∂tρd +∇ · (~uρd) = 0 (32)

Drv
Dt

= ṙv (33)

DS

Dt
=

Q̇

T
(34)

where S and Q̇ represent entropy and heat
sources, respectively (both defined per unit vol-
ume). The dot notation is used to distinguish
variations due to transport and due to thermo-
dynamic processes.

It is assumed already in (32) that the pres-
ence of moisture and its transformations through
phase changes do not influence the density of dry
air. Dry-air flow is assumed to act as a carrier
flow for trace constituents. This assumption is
corroborated by the fact that in the Earth’s at-
mosphere 1� rv > rl.

System of transport equations

Equations (33) and (34) may be conveniently

expressed as a pair of transport equations of a
similar form to (32).

A continuity equation for water vapour den-
sity ρv is obtained by summing (33)·ρd+rv ·(32):

∂t(ρdrv) +∇ · (~uρdrv) = ρdṙv (35)

Dividing equation (34) by the density of dry
air ρd, introducing specific quantities s = S/ρd
and q̇ = Q̇/ρd, and introducing a potential tem-
perature θ? defined by ds = c?pd(lnθ?) gives:

c?p
Dθ?

Dt
=
θ?

T
q̇ (36)

At this point no assumption is made on the exact
form of θ? or c?p. Summing (32) · θ?c?p + (36) · ρd
and ρdθ

? · D
Dt
c?p = ρdθ

?ċ?p results in a continuity
equation for ρdc

?
pθ
? (akin to energy density):

∂t(ρdc
?
pθ
?) +∇ · (~uρdc?pθ?) = ρdθ

?
[
ċ?p + q̇/T

]
(37)

Resultant equations (35) and (37) share the form
of a generalised transport equation (see Smo-
larkiewicz, 2006, sec. 4.1):

∂t(ρdφ) +∇ · (ρd~uφ) = ρdφ̇ (38)

representing transport of a quantity φ (equal to
rv or c?pθ

?) by a dry-air carrier flow.

Dry air potential temperature

The way the potential temperature was de-
fined in the preceding section gives a degree of
freedom in the choice of θ? and q̇. For moist
air containing suspended water aerosol, assum-
ing thermodynamic equilibrium and neglecting
the expansion work of liquid water, ds may be
expressed as (eq. 6.10-6.11 in Curry and Web-
ster, 1999):

ds =

cpdd(lnθ)︷ ︸︸ ︷
cpdd(lnT )−Rdd(lnpd) (39)

+ [lvdrv + (rvcpv + rlcl + rvlv/T ) dT ]︸ ︷︷ ︸
−dq

/T

where pd = ρdRdT is the partial pressure of dry
air, and the potential temperature θ is defined
here as:

θ = T (p0/pd)
Rd/cpd (40)
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Substituting c?p = cpd = const and θ? = θ
into equation (37) and employing the form of q̇
hinted with −dq in equation (39) gives:

∂t(ρdθ) + ∇ · (~uρdθ) = (41)

=
−ρdθ
cpdT

[
lvṙv +

�������������

Ṫ

(
rvcpv + rlcl +

rvlv
T

)]

Neglecting of all but the lvṙ terms on the
right-hand side results in an approximation em-
ployed in Grabowski and Smolarkiewicz (1996)
and used herein as well.

Another common choice of θ? and q̇ is ob-
tained by putting θ? = θ · exp (−rvlv/cpdT), what
results in the lvdrv term becoming a part of
cpdd(lnθ?) instead of −dq in equation 39 (see e.g.
Grabowski and Smolarkiewicz, 1990, sect. 3).

Diagnosing T and p from state variables

The principal role of any cloud-microphysics
scheme is to close the equation system defined by
(35) and (41) with a definition of ṙv linked with a
representation of liquid water within the model
domain. This requires representation of various
thermodynamic processes that depend on tem-
perature and pressure which are diagnosed from
the model state variables (i.e. the quantities for
which the transport equations are solved). With
the approach outlined above, the model state
variables are:

ρv = ρdrv water vapour density
ρe = ρdθ energy density divided by constant cpd

Assuming ρd is known (solved by a dynamical
core of a model), temperature and pressure may
be diagnosed from ρv and ρe with:

rv = ρv/ρd (42)

θ = ρe/ρd (43)

T =

[
θ

(
ρdRd

p0

) Rd
cpd

]cpd/(cpd−Rd)

(44)

p = ρd(1 + rv) (Rd + rvRv)T (45)

B. List of symbols

A list of symbols is provided in Table 2.

C. icicle – example program
utilising libcloudph++

The example simulations discussed in the text
were performed with icicle – an implementation
of all elements of the example modelling con-
text presented in Section 2, that is: the trans-
port equation solver, the 2D kinematic frame-
work and the simulation set-up.

Dependencies

The code of icicle depend on several libraries:
libcloudph++’s sister project libmpdata++, lib-
cloudph++ itself and several components of the
Boost6 collection. The libmpdata++ compo-
nents solve the transport equations for the Eule-
rian fields using the MPDATA algorithm (Smo-
larkiewicz, 2006) and provide data output facil-
ity using the HDF5 library7. Figure 11 presents
dependency tree of icicle. Source code of ici-
cle, libmpdata++ and libcloudph++ is avail-
able for download from Github8. All other
icicle dependencies are available, for instance,
as Debian9 packages. All icicle dependencies
are free (gratis) software, and all but CUDA
(which is an optional dependency) are addition-
ally libre – open sourced, and released under
freedom-ensuring licenses.

Compilation

Build automation for icicle, libmpdata++ and
libcloudph++ is handled in a standard way using
CMake10. In all three cases, a possible command
sequence will resemble:

$ mkdir build

$ cd build

$ cmake .. -DCMAKE_BUILD_TYPE=Release

$ make

$ make test

# make install

6 http://boost.org/
7 http://hdfgroup.org/
8 http://github.com/
9 http://debian.org/
10 http://cmake.org/
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Table 2. List of symbols

Symbol SI unit Description
βM , βT [1] transition-régime correction factors
∆t, ∆x, ∆z, ∆V [s] or [m] or [m3] timestep, grid cell dimensions and volume
θl [K] liquid water potential temperature (cf. Sect. 2.2)
θ [K] potential temperature
κ [1] hygroscopicity parameter
ρi depends on i any state variable (density)
ρd, ρv [kg m-3] densities of dry air and vapour vapour
ρc, ρr [kg m-3] cloud and rain water densities/content
ρw = 1000 [kg m-3] density of liquid water
ρvs [kg m-3] saturation vapour density
ρe = ρdθ [kg m-3 K] energy density divided by cpd
ρ◦ [kg m-3] vapour density at drop surface
ρ̇i, ρ̇c, ρ̇r depends on i rhs terms (any, cloud water, rain water)
σm [1] geometric standard deviation (lognormal spectrum)
τ , τrlx [s] relaxation time scale (cf. Sect. 2.2)
φi depends on i any advected specific quantity (e.g. mixing ratio)
ψ [kg m-1 s-1] streamfunction

aw =
r3w−r3d

r3w−r3d·(1−κ)
[1] water activity

a, b [m2] initial interval for bisection algorithm
cpd = 1005, cpv = 1850 [J kg-1 K-1] specific heat at constant pressure (dry air, water vapour)
C [1] Courant number
dm, rm [m] mode diameter and radius (lognormal spectrum)
D, Deff , D0 [m2 s-1] diffusion coefficients for water vapour in air
Er [kg m-3 s-1] evaporation rate of rain (single-moment scheme)
E(ri, rj) [1] collection efficiency
Fin, Fout [kg m-3 s-1] fluxes of ρr through the grid cell edges
K, K0 [J m-1 s-1 K-1] thermal conductivities of air
K(ri, rj) [m3 s-1] collection kernel
lv = 2.5× 106 [J kg-1] latent heat of evaporation
M [k] [m-3+k] k-th moment of size spectrum
n [1] total number of computational particles
nc, nr [m-3] cloud droplet and rain drop concentrations
N [1] multiplicity (attribute of computational particle)
Nm [m-3] particle concentration (lognormal spectrum)
Nu [1] Nusselt number
p, pd [Pa] pressure, dry air partial pressure
Pij [1] probability of collisions
Q, q [J m-3], [J kg-1] heat per unit volume and mass
rd, rw [m] particle dry and wet radii
rc0 [kg kg-1] autoconversion threshold (mixing ratio)
rv, rl, rt = rv + rl [kg kg-1] mixing ratios (vapour, liquid, total)
Rv, Rd [J K-1 kg-1] gas constants for water vapour and dry air
S, s [J K-1 m-3], [J K-1 kg-1] entropy per unit volume and mass
Sh [1] Sherwood number
T [K] temperature
~u = (u, v) [m s-1] velocity field
vt, vi, vj [m s-1] terminal velocity
wmax [m s-1] maximum velocity (cf. amplitude of ψ)
w [1] averaging weight in particle advection scheme
x, z [m] spatial coordinate
X, Z [m] domain extent
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Usage

Control over simulation options of icicle is
available via command-line parameters. Most of
the options correspond to the fields of the opts t
structures of the three microphysics schemes dis-
cussed in the paper. A list of general options
may be obtained by calling

$ icicle --help

and includes, in particular, the - -micro option
that selects the microphysics scheme. Options
specific to each of the three available schemes
are listed as in the following example:

$ icicle --micro=lgrngn --help

For the particle-based scheme, the options in-
clude such settings as the backend type (se-
rial, OpenMP or CUDA) and the size ranges for
which the moments of the particle size distribu-
tion are to be output.

On Linux, simulations may be stopped at any
time by sending the process a SIGTERM or SIG-
INT signal (e.g., using the kill utility or with
Ctrl+C). It causes the solver to continue inte-
gration up to the end of the current timestep,
close the output file and exit. After executing
the simulation, its progress may be monitored
for example with top -H as the process threads’
names are continuously updated with the per-
centage of work completed (Linux only).

The structure of the output HDF5 file is com-
patible with the netCDF reader of the Par-
aview11 visualisation tool.
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several components require C++11 compiler and CMake at build time.
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Abstract in English

Elements of modern cloud modelling
Cloud modelling deals with description of processes occurring in the atmosphere

that lead to formation of clouds and precipitation. The challenges in cloud model-
ling stem from the myriad of couplings that link large-scale atmospheric thermo-
and hydrodynamics with physicochemical properties of individual aerosol particles,
cloud droplets and rain drops. Furthermore, cloud modelling faces the challenge
of effectively leveraging modern computing technologies.

The thesis is structured into four introductory chapters and an appendix conta-
ining three research papers co-authored by the candidate. The introduction is aimed
at guiding the reader through the three papers which constitute the substance
of the thesis. Four aspects of cloud modelling are briefly discussed in the introduc-
tory chapters, namely: modelled phenomena, model formulation, model implemen-
tation and model validation. Each of the papers is focused on a different one of these
aspects. All three papers, however, feature application of the Lagrangian-in-size
representation of particle size spectrum. This approach is of particular applicability
to studies on aerosol-cloud interactions which have been the focus of active research
in last years due to their still uncertain role in shaping the Earth’s climate.

The first paper entitled ”Adaptive method of lines for multi-component aerosol
condensational growth and CCN activation” (Arabas and Pawlowska, 2011, Geosci.
Model. Dev. 4) is focused on the activation of cloud condensation nuclei (CCN)
to form cloud droplets. The paper describes original formulation and implementation
of a zero-dimensional cloud model (so-called parcel model).

The second paper entitled ”Large-Eddy Simulations of Trade Wind Cumuli Using
Particle-Based Microphysics with Monte Carlo Coalescence” (Arabas and Shima,
2013, J. Atmos. Sci. 70) is focused on validation of model formulation and simu-
lation results against observational data. The paper describes a novel application
of the particle-based simulation technique for cloud modelling. Presented simula-
tions involve a Monte-Carlo type representation of particle collision process. The si-
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mulations are carried out using a three-dimensional Large-Eddy-Simulation (LES)
modelling framework.

The third presented paper entitled ”libcloudph++ 0.1: single-moment bulk,
double-moment bulk, and particle-based warm-rain microphysics library in C++”
(Arabas, Jaruga, Pawlowska, Grabowski 2013, arXiv e-print 1310.1905) is focused
on model implementation. The paper describes original implementations of three
algorithms for representing processes leading to formation of rain under absence
of ice. One of the implemented algorithms is based on the particle-based techni-
que and uses the Monte-Carlo type scheme for solving particle collisions. The for-
mulation of the particle-based scheme includes original elements and is presented
in the paper. The algorithms are implemented in a form of a C++ library released
as free and open-source software. The library design and programming interface
(API) are described within the paper. Simulation examples presented in the paper
are carried out using a two-dimensional prescribed-flow modelling framework.

Each paper is accompanied by a description of authors’ contributions to the pre-
sented research and the paper content.
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Abstract in Polish
(streszczenie w języku polskim)

Elementy nowoczesnego modelowania chmur
Modelowanie chmur dotyczy opisu procesów zachodzących w atmosferze i pro-

wadzących do powstawania chmur i opadu. Wyzwanie w modelowaniu chmur sta-
nowi mnogość sprzężeń łączących wielkoskalową termo- i hydrodynamikę z fizy-
kochemicznymi własnościami pojedynczych drobin aerozolu, kropelek chmurowych,
czy kropel deszczu. Dodatkowo, modelowanie chmur musi stawić czoła wyzwaniu
skutecznego wykorzystania nowoczesnych technik obliczeniowych.

Rozprawa podzielona jest na cztery rozdziały wprowadzające oraz załącznik,
w którym umieszczone są trzy artykuły naukowe, których współautorem jest dokto-
rant. Rozdziały wprowadzające pomyślane są jako przewodnik po załączonych arty-
kułach, traktują one zwięźle o czterech aspektach modelowania chmur, t.j. o mode-
lowanych zjawiskach, sformułowaniu modeli, ich implementacji i weryfikacji. Każdy
z przedstawionych artykułów, które stanowią sedno rozprawy, skupia się na innym
z tych aspektów. Wszystkie trzy jednak ukazują zastosowanie lagranżowskiego po-
dejścia do reprezentacji ewolucji widma rozmiarów cząstek. Podejście to jest szcze-
gólnie trafnym wyborem w kontekście badań nad oddziaływaniami aerozolu z chmu-
rami. Oddziaływania te są przedmiotem szczególnego zainteresowania w ostatnich
latach, ze względu na ich nadal niejasną rolę w kształtowaniu klimatu Ziemi.

Pierwszy z artykułów, zatytułowany ”Adaptive method of lines for multi-
component aerosol condensational growth and CCN activation” (Arabas i Pawlow-
ska, 2011, Geosci. Model. Dev. 4), skupia się na procesie aktywacji drobin aero-
zolu (zalążków kondensacji chmurowej, ang. CCN) do postaci kropel chmurowych.
Artykuł zawiera opis autorskiego sformułowania i implementacji zerowymiarowego
modelu chmury (tzw. modelu cząstki).

Drugi artykuł, zatytułowany ”Large-Eddy Simulations of Trade Wind Cumuli
Using Particle-Based Microphysics with Monte Carlo Coalescence” (Arabas i Shima,
2013, J. Atmos. Sci. 70), poświęcony jest weryfikacji sformułowania modelu oraz
wyników symulacji względem danych obserwacyjnych. Artykuł opisuje nowator-
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skie zastosowanie techniki śledzenia cząstek w zastosowaniu do symulacji chmur.
Zaprezentowane symulacje obejmują reprezentację procesu zderzeń kropel przy uży-
ciu metody typu Monte-Carlo. Symulacje wykonane są w trzech wymiarach, przy
użyciu metody dużych wirów (ang. Large Eddy Simulation, LES).

Trzeci artykuł, zatytułowany ”libcloudph++ 0.1: single-moment bulk, double-
moment bulk, and particle-based warm-rain microphysics library in C++”
(Arabas, Jaruga, Pawlowska, Grabowski 2013, arXiv e-print 1310.1905), skupia się
na implementacji modeli. Artykuł opisuje autorskie implementacje trzech algoryt-
mów służących do reprezentacji procesów prowadzących do powstania deszczu pod
nieobecność lodu. Jeden z zaimplementowanych algorytmów oparty jest o technikę
śledzenia cząstek i wykorzystuje schemat typu Monte-Carlo do rozwiązania zderzeń
cząstek. Sformułowanie schematu zawiera elementy autorskie i jest w całości ujęte
w artykule. Algorytmy zaimplementowane są w postaci biblioteki C++ i udostęp-
niane są jako bezpłatne i otwarte oprogramowanie. Struktura biblioteki oraz jej
interfejs (API) opisane są w artykule. Zaprezentowane przykładowe symulacje wy-
konane są przy pomocy dwuwymiarowego modelu o zadanym przepływie powietrza.

Każdy z artykułów opatrzony jest opisem wkładu doktoranta w prace nad ba-
daniami i nad treścią publikacji.
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